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Abstract. Combinatorial optimization is a fundamental area of mathematical
optimization, dealing with problems that involve discrete structures and have
a wide range of applications. As problem complexity grows, advancements in
computational power, theoretical research, and innovative algorithmic frame-
works have driven significant progress. This thesis examines combinatorial
optimization methods across four key areas: integrality gaps, neural network
training, stochastic optimization in healthcare, and energy management sys-
tem optimization. First, the metric Steiner Tree problem is studied to investi-
gate the integrality gap of linear programming relaxations. Lower bounds on
the integrality gap of the bidirected cut formulation are established for small
instances, and heuristic algorithms are developed to identify instances with
large gaps. Additionally, structural insights and conjectures regarding the in-
tegrality gap are proposed. Second, combinatorial optimization techniques are
applied to train few–bit neural networks, such as binarized and integer–valued
networks. A multi–objective ensemble approach is introduced, improving ro-
bustness and sparsity and showcasing the potential of solver–based methods
in low–data scenarios. This method is applied to different multiclassification
problems. Next, a two–phase approach is developed for surgical scheduling,
addressing uncertainties in surgery durations and emergency arrivals. Finally,
distributionally robust optimization is applied to optimal power flow prob-
lems, coupled with an analysis of Jabr–like relaxations. The contribution of
this thesis consists of presenting several complex problems, using their study
as applications of diverse combinatorial optimization methods, highlighting
the field’s adaptability.
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I think our time is up.
I know. Hold my hand.
Hold your hand?
Yes. I want you to.
All right. Why?
Because that’s what people do when they’re waiting for the end of something.

— Cormac McCarthy, Stella Maris
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INTRODUCTION

Combinatorial optimization is a field within mathematical optimization that
focuses on finding the best solution from a finite set of possible solutions, which
are often discrete. Unlike continuous optimization, where the decision vari-
ables can take any value within a given range, combinatorial optimization
problems involve discrete decisions, such as selecting elements from a set, or-
dering tasks, or partitioning a graph. The applications of combinatorial opti-
mization are vast, covering fields such as logistics, network design, scheduling,
and machine learning.

Over the years, combinatorial optimization has evolved to address a wide
range of increasingly complex problems. These problems often involve large–
scale instances, complicated constraints, and the need to provide high–quality
solutions within feasible time limits. As the complexity of the problems has
grown, so too have the methods developed to solve them. In this context, var-
ious algorithmic frameworks, from exact methods to approximate heuristics,
have been proposed to tackle these challenging optimization tasks.

This evolution has been fueled by several factors: the exponential growth in
computational power, breakthroughs in theoretical research, and the applica-
bility of combinatorial optimization to emerging fields. For example, advances
in artificial intelligence and machine learning have introduced new challenges,
such as optimizing neural network architectures or neural network verification,
which inherently involve combinatorial decision–making. Similarly, fields like
healthcare and energy management systems increasingly rely on combinatorial
approaches to solve highly specialized optimization problems.

One characteristic of combinatorial optimization problems is their inherent
difficulty, particularly in achieving near–optimal solutions, and a key concept
in characterizing this difficulty is given by the integrality gap of a linear pro-
gramming formulation, defined as the supremum among all the ratios between
the optimal value of an integer solution and the optimal value of its natu-
ral LP relaxation. It quantifies the difference between the optimal solutions
of the integer program and its corresponding linear programming relaxation.
This measure provides insight into how well the relaxation approximates the
original problem and serves as a theoretical bound on the performance of ap-
proximation algorithms derived from the relaxation.

In particular, given a combinatorial problem, one can start studying the
integrality gap of one of its linear programming formulations by focusing on
small instances. By focusing on the behavior of such instances, one can identify

1



patterns and design families of instances that exhibit the largest possible inte-
grality gap. This analysis helps understand the limitations of linear program-
ming relaxations as approximations and constructing worst–case scenarios that
test the boundaries of algorithmic performances. Furthermore, studying such
instances helps develop stronger relaxations or alternative techniques for nar-
rowing the integrality gap, contributing to improved approximation algorithm
design. A standard technique for evaluating the integrality gap of small in-
stances makes use of the complete enumeration of the fractional vertices of the
polytope defined by the linear relaxation of the integer programming formula-
tion. Such a technique reduces the study of infinite instances to the solving of a
finite number of linear programs. The downside of this method is the fact that
the number of vertices grows exponentially with the size of the instances, and
so, while the complete enumeration of the vertices of a polytope is possible up
to a certain instance dimension, heuristic approaches have to be employed to
find promising vertices. These heuristic approaches are based both on theoret-
ical results, which regards the structure of some families of fractional vertices,
and computational results, which shows particular patterns in vertices with
high values of integrality gap.

Chapter 1 deals with the study of the integrality gap of a linear formula-
tion of a classical combinatorial problem: the Steiner Tree problem (STP) on
graphs. In a general setting, the STP plays a central role in network design
problems, design of integrated circuits, location problems, and more recently
even in machine learning, systems biology, and bioinformatics. It asks for
designing a network that interconnects a given set of points (referred to as
terminals) at minimum cost. When the choice of non–terminal points is lim-
ited to a finite set of points, the problem is formulated on an edge–weighted
graph (with terminal points representing a subset of nodes) with the goal of
finding a subtree that interconnects all the terminals at minimum cost. In
this chapter, we study the metric Steiner Tree problem on graphs focusing on
computing lower bounds for the integrality gap of the bi–directed cut (BCR)
formulation and introducing a stronger formulation, called Complete Metric
(CM), specifically designed to address the weakness of the BCR formulation
on metric instances. A key contribution of this work is extending the Gap
problem, previously explored in the context of the Traveling Salesman prob-
lems, to the metric Steiner Tree problem. To tackle the Gap problem for
Steiner Tree instances, we establish several structural properties of the CM
formulation. Computationally, we exploit these structural properties to de-
sign two complementary heuristics for finding nontrivial small metric Steiner
instances with a large integrality gap. We present several vertices for graphs
with a number of nodes ≤ 10, which realize the best–known lower bounds on
the integrality gap for the CM and the BCR formulations. We also present
two new conjectures on the integrality gap of the BCR and CM formulations
for small graphs.

This chapter presents the results obtained with coauthors E. Vercesi, S.
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Gualandi, M. Mastrolilli, and L. M. Gambardella [20]. The autor’s contri-
butions to this work consist in a deep analysis of the structural properties
of the vertices of the CM formulation, and in the resulting designing of the
algorithms for the vertex search.

The STP on graphs is part of a class of purely combinatorial problems, whose
formulation can be naturally written as a combinatorial optimization problem.
However, an increasing number of problems that were originally not purely
combinatorial are evolving to have combinatorial formulations, allowing them
to benefit from the powerful techniques and methods developed in combina-
torial optimization. This shift enables the application of discrete optimization
approaches to a broader range of domains, in particular, to machine learning.
By recasting machine learning problems in combinatorial terms, it becomes
possible to leverage the precision and efficiency of combinatorial solvers. In
particular, training neural networks (NNs) using combinatorial optimization
solvers has gained attention in recent years. In low–data settings, the use
of state–of–the–art mixed integer linear programming solvers, for instance,
has the potential to exactly train a NN while avoiding computing–intensive
training and hyperparameter tuning and simultaneously training and sparsi-
fying the network. In Chapter 2, we study the case of few–bit discrete–valued
neural networks, both binarized neural networks (BNNs) whose values are re-
stricted to ±1 and integer–valued neural networks (INNs) whose values lie in
the range {−P, . . . , P}. Few–bit NNs receive increasing recognition because
of their lightweight architecture and ability to run on low–power devices: for
example, being implemented using Boolean operations. This chapter proposes
new methods to improve the training of BNNs and INNs. Our contribution is
a multi–objective ensemble approach based on training a single NN for each
possible pair of classes and applying a majority voting scheme to predict the
final output. Our approach results in the training of robust sparsified networks
whose output is not affected by small perturbations on the input and whose
number of active weights is as small as possible. We empirically compare this
BeMi approach with the current state of the art in solver–based NN train-
ing and with traditional gradient-based training, focusing on BNN learning in
few–shot contexts. We compare the benefits and drawbacks of INNs versus
BNNs, bringing new light to the distribution of weights over the {−P, . . . , P}
interval. Finally, we compare multiobjective versus single–objective training
of INNs, showing that robustness and network simplicity can be acquired si-
multaneously, thus obtaining better test performances.

This chapter presents the results obtained with coauthors S. Milanesi, S.
Gualandi, H. C. Lau, and N. Yorke Smith [19]. A preliminary report of this
work also appeared at the Learning and Intelligent Optimization 2023 con-
ference [17]. The autor’s contributions to this work consist in the designing
of the One–Vs–One scheme used for the ensemble and the utilization of a
multi–objective approach for the single NN.
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NN training can be viewed as a specific type of stochastic optimization
problem, where the training process is conducted over a sampled subset of
the full dataset. Each sample represents a possible scenario from the broader
data distribution, and the objective is to optimize model parameters such
that the network generalizes well across all potential scenarios. Thus, we can
see how incorporating stochasticity into optimization models allows for the
development of solutions that are not only feasible under uncertain conditions
but also robust and adaptable to a range of possible scenarios. Stochastic
approaches, such as scenario–based optimization, stochastic programming, and
probabilistic heuristics, enable decision–makers to balance trade–offs between
optimality and reliability. By accounting for randomness, these methods can
help identify strategies that minimize risk, improve performance, and enhance
resilience in dynamic and uncertain environments, making stochasticity an
indispensable aspect of modern combinatorial optimization.

In particular, one of the most studied classes of stochastic problems is
stochastic scheduling problems, which arise frequently in healthcare manage-
ment. With the advancement of surgery and anesthesiology in recent years,
surgical clinical pathways have changed significantly, with an increase in out-
patient surgeries. However, the surgical scheduling problem is particularly
challenging when inpatients and outpatients share the same operating room
blocks, due to their different characteristics in terms of variability and prefer-
ences. In Chapter 3, we present a two–phase stochastic optimization approach
that takes into account such characteristics, considering multiple objectives
and dealing with uncertainty in surgery duration, arrival of emergency pa-
tients, and no–shows. Chance Constrained Integer Programming and Stochas-
tic Mixed Integer Programming are used to deal with the advance scheduling
and the allocation scheduling, respectively. Since Monte Carlo sampling is in-
efficient for solving the allocation scheduling problem for large–size instances,
a genetic algorithm is proposed for sequencing and timing procedures. Finally,
a quantitative analysis is performed to analyze the trade–off between schedule
robustness and average performance under the selection of different patient
mixes, providing general insights for operating room scheduling when dealing
with inpatients, outpatients, and emergencies.

This chapter presents the results obtained with coauthors L. Bonasera, D.
Duma, and E. Vercesi [16]. A preliminary report of this work achieved sec-
ond place at the 14th AIMMS–MOPTA Optimization Modeling Competition.
The autor’s contributions to this work consist in the studying of the different
probability distribution mixtures for the surgery durations and the designing
of the advance scheduling model.

Another area in which stochastic optimization problems naturally arise is
power management. In particular, problems in contexts such as energy distri-
bution, battery management, and smart grids, becomes increasingly complex
in the stochastic optimization framework. In these scenarios, the objective
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is to efficiently allocate power resources, manage demand, and optimize en-
ergy usage while accounting for the uncertainty and variability inherent in
energy production and consumption. Stochasticity arises from factors such as
fluctuating renewable energy sources (e.g., solar and wind), uncertain demand
patterns, and the reliability of energy storage systems. This uncertainty intro-
duces significant challenges in decision–making, as optimal power management
strategies must account for a range of potential future scenarios.

In particular, even in the deterministic framework, optimal power flow
(OPF) problems are notoriously challenging due to their inherent complex-
ity and the large solution space they involve. These problems seek to de-
termine the optimal settings of control variables (such as generator outputs,
transformer taps, and voltage levels) to minimize costs, such as generation
or transmission losses, while satisfying a set of system constraints like power
balance, voltage limits, and line capacities. The difficulty arises from the non–
linear, non–convex nature of the power system equations, which can lead to
multiple local minima and a combinatorial explosion in the number of po-
tential configurations, especially in large–scale networks. As a result, solving
OPF problems requires sophisticated optimization techniques that can navi-
gate this vast search space efficiently, often incorporating both continuous and
discrete variables. The problem becomes undoubtedly more complex in the
stochastic optimization framework.

Chapter 4 deals with the analysis of a distributionally robust optimization
approach to an OPF problem, integrating real–world data regarding produc-
tion of energy from wind energy sources provided by CESI – Centro Elet-
trotecnico Sperimentale Italiano. The robust approach is performed over an
ambiguity set defined as the ball in the space of probability distributions cen-
tered in an empirical distribution (the collected data) and evaluated using
the Wasserstein distance. Finite reduction results are applied to obtained a
model that is then tested on classical instances modified with renewable energy
sources. In addition, different strengthening of the classical Jabr relaxation
are studied, leveraging topology results regarding the cycles of the network.
In particular, linear relaxations of multilinear constraints are discussed, pre-
senting tailored methods and possible generalizations of classical techniques.

This chapter presents the results obtained with coauthors G. Riccardi and
S. Gualandi, part of which constituted the focus of Riccardi’s Master’s Thesis
in Mathematics. The autor’s contributions to this work consist in application
of a distributionally robust optimization framework to an OPF problem, and
in the studying of different linearization metohds for multilinear terms that
naturally arises whenever a complex network topology is considered in OPF
problems.

For more detailed introductions and discussions of the various problems in
relation to the literature, we refer to Sections 1.1, 2.1, 3.1 and 4.1.
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1
ON THE INTEGRALITY GAP OF THE STEINER
TREE PROBLEM

1.1 Introduction

Given a graph G = (V,E) with n = |V | = |{1, . . . , n}| nodes and cost cij ≥ 0
on each edge {i, j} ∈ E, and a subset of nodes T ⊂ V with t = |T | ≥ 2,
the Steiner Tree Problem (STP) consists of finding the minimum-cost tree
that spans T . The nodes in T are called terminals, and those in V \ T are
called Steiner nodes. Note that, by a relabelling of the vertices, we might just
assume that T = {1, . . . , t}. In the following, we will often denote simply by
G an instance of the STP, that is, the graph, the edge costs, and the set of
terminals. The STP is NP-Hard, and the corresponding decision problem is
NP-Complete [74]. The best-known polynomial-time algorithm for the STP
guarantees an approximation ratio of 1.39 [33], and improving this ratio is still
an open problem. The most well–known cases are when |T | = 2, which is the
shortest path problem, and for |T | = n, which is minimum spanning tree.

STP is often solved via integer linear programming with several formula-
tions that have been proposed trough the years. For a catalog of them, we
refer to [55], while for more recent surveys, to [79, 90].

One of the most promising formulations is the Bidirected cut formulation
(BCR), introduced by Edmonds [48]. The core of the BCR formulation consists
of fixing a root node r ∈ T , replacing each undirected edge {i, j} with two
oriented arcs (i, j) and (j, i), and introducing 0–1 flow variables xij for each
arc. If we denote by A the set of oriented arcs, and by δ−(W ) := {(i, j) ∈
A | i 6∈ W, j ∈ W} the set of arcs entering W ⊂ V , the BCR polytope is
defined as follows:

PBCR(n, t) := {x ∈ Rm
≥0 : (1.1a)

xij + xji ≤ 1, {i, j} ∈ E, (1.1b)
x
(
δ−(W )

)
≥ 1, W ⊂ V \ {r}, W ∩ T 6= ∅} (1.1c)

where m = |A|, and we define the set of integer points of PBCR(n, t) as

SBCR(n, t) := PBCR(n, t) ∩ {0, 1}m. (1.2)

Given a STP instance G with n nodes and t terminals and with c as edge
costs, we will define with

STP(G) := min{c⊺x |x ∈ SBCR(n, t)} (1.3)
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the optimal value of one of its integer solutions and with

optBCR(G) := min{c⊺x |x ∈ PBCR(n, t)} (1.4)

the optimal value of the linear relaxation of BCR. We will use the same nota-
tion for all of the formulations presented in this work. Note that we will drop
the arguments (n, t) when unnecessary or clear from the context, for better
readability. Note also that the value (1.3) is independent from the formulation.

Despite their exponential number, the cut constraints (1.1c) can be sep-
arated in polynomial time using any max flow or min-cut algorithm, as de-
tailed in [79]. Note that it has been shown that the optimal value of BCR
is independent of the choice of the root [55]. The state-of-the-art (parallel)
implementation of a more tight version of the BCR model can be found in
SCIP-Jack [52]. Other more recent approaches are reviewed in [90].

Whenever the graph G is complete, and the edge costs are metric, we have
a complete metric Steiner Tree problem. The edge costs define a metric if they
satisfy the following properties: (i) cij = 0 if and only if i = j; (ii) cij ≥ 0
(positivity), (iii) cij = cji (symmetry), (iv) cij ≤ cik + cjk (triangle inequality).
Metric STP instances are relevant in particular for VLSI circuit design [108],
and efficient combinatorial algorithms exist for rectilinear costs [66] and for
packing Steiner trees [59]. A review of results for metric (and rectilinear) STP
is contained in [66].

In approximation algorithms, we are interested in studying the integrality
gap of an integer formulation, defined as the supremum among all the ratios
between the optimal value of an integer solution and the optimal value of
its natural LP relaxation. We now define the integrality gap of the BCR
formulation as the following

α := sup
G

STP(G)

optBCR(G)
. (1.5)

For the BCR, the exact value of α is unknown, but it is bounded below by
6
5

[138], which improved the previous bound of 36
31

∼= 1.161 in [33]. Until 2024,
the best-known upper bound for the integrality gap was two. Recently, [34]
demonstrated that this upper bound can be improved to 1.9988.

Note that proving that α < 1.39 would lead to a better approximation
algorithm with respect to the state of the art. The lower bound introduced
by [33] is based on a recursive family of instances, depending on a parameter
p and having an integrality gap which tends asymptotically to 36

31
for n → ∞.

Main Contributions This paper presents a novel formulation for the com-
plete metric STP, called the Complete Metric (CM) formulation. This formu-
lation exploits the metric costs to define a polytope, denoted by PCM , having
a smaller number of vertices compared to the polytope PBCR implied by the
BCR formulation. The main motivation for introducing our formulation is
to enable a study on the integrality gap of small-size instances of the Steiner
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Tree problem by adapting the approach designed for the Symmetric TSP and
presented in [30, 31]. Without our new CM formulation, it would be nearly
impossible to use the method of [31] due to the number of vertices of PBCR,
which includes a huge number of feasible vertices for the cut constraints but
which will never be optimal for any metric cost vector. For instance, Table 1.1
reports the number of feasible and optimal vertices of PBCR and PCM , com-
puted by complete enumeration using Polymake, for instances with 4 and 5
nodes and 3 or 4 terminals, showing the potential impact of our approach on
the overall number of vertices.

The core intuition of our new CM formulation is that in a complete metric
graph, any Steiner node is visited only if its outdegree is at least 2, because
if the indegree and outdegree of a Steiner node are both equal to 1, then
an optimal solution with a smaller cost that avoids detouring in that node
exists. Note that this requirement is profoundly different from asking a Steiner
node not to be a leaf, which is a much weaker condition. The existence of
such a solution is guaranteed by the property that the graph is metric and
complete. Indeed, such a solution may not exist in a non-complete graph.
Using these relations on the degree of Steiner nodes, we introduce a new
family of constraints to the BCR formulation, reflecting our main intuition.

The main contributions of this paper are as follows:

1. We prove in Theorem 1 that our new polytope PCM contains among the
integer vertices only those that could be optimal for metric costs. Given
an integer vertex, we describe the cost vector that makes that vertex
optimal.

2. We prove in Lemma 3 a connectedness property of the points of PCM ,
and in Lemma 4 we set an upper bound on the number of edges in integer
points.

3. We characterize in Lemmas 6 to 8 isomorphic vertices of polytopes of dif-
ferent dimensions, namely, we link vertices of the polytope corresponding
to the STP with n nodes and t terminals with the vertices corresponding
to the STP with n+ 1 nodes and t terminals, and vice versa.

4. Exploiting the previous results, we introduce two new heuristic algo-
rithms for enumerating the vertices of PCM . Using these two algorithms,
we compute vertices of PCM and PBCR with the largest known integrality
gap for instances with up to 10 vertices.

To the best of our knowledge, this work is the first attempt to extend the
work of [31] to the metric Steiner Tree problem. Note that an interesting STP
instance with a small value of n (i.e., n = 15), but with a large integrality gap
(i.e, equal to 8

7
) is the Skutella’s graph shown in Figure 1.1 and reported in [82].

In our computational results, we will present other interesting instances with
less than 10 nodes but having a large integrality gap, see Figure 1.4.
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Figure 1.1: Small STP instance with a large integrality gap: Skutella’s graph
with n = 15, t = 8, and α = 8

7
[82]. The hollow circle represents the root, the

circles represent the terminals, and the squares represent the Steiner nodes.
Every arc correspond to a variable xij of value equal to 1

4
.

Table 1.1: Number of feasible and optimal vertices for PBCR and PCM . While
the BCR polytope has several (feasible) vertices that cannot be optimal for
any metric cost, the CM polytope does not suffer this issue (and it implicitly
reduces the number of isomorphic vertices).

PBCR PCM

n t feasible optimal feasible optimal
4 3 256 70 4 4
5 3 28 345 3 655 5 5
5 4 24 297 3 645 44 44

Outline. The outline of this paper is as follows. Section 1.2 reviews the
approach introduced in [14] for computing the integrality gap of small instances
(n ≤ 10) of the Traveling Salesman Problem and presents how to apply a
similar approach to the BCR formulation of the STP. The critical step is the
complete enumeration of the vertices of the BCR polytope, which are several
thousand already for n = 5, as shown in Table 1. Section 1.3 presents the
CM formulation, and we prove interesting properties of the corresponding
polytope, which allows us to apply the methodology of [14] to look for small
instances of STP with a large integrality gap. In Section 1.4, we observe
that the exhaustive enumeration of vertices is intractable for n ≥ 6, and we
present two heuristic procedures for generating vertices of PCM , exploiting
graph isomorphism. In Section 1.5, we present the vertices for graph n ≤ 10,
realizing the best-known lower bounds on the integrality gap for the CM and
the BCR formulation. We conclude the paper with a perspective on future
works.
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1.2 Integrality gap of BCR for fixed n

In this section, we present our strategy to compute the integrality gap of the
BCR formulation for STP, which is based on the approach introduced in [14,
50].

1.2.1 Problem definition for computing the integrality gap of small instances

Let Gn,t := {G |metric with n nodes and t terminals}. We define

αG :=
STP(G)

optBCR(G)
(1.6)

αn,t := sup
G∈Gn,t

αG. (1.7)

Note that αG is the integrality gap of a given instance of metric STP, while
αn,t is the maximum integrality gap once we fix both the cardinality of T and
V . Clearly, the integrality gap (1.5) is equal to

α = sup
n,t

αn,t. (1.8)

As mentioned in the introduction, the two cases t = 2 and t = n can be
solved in polynomial time for every n, since for t = 2 the problem reduces to
the shortest path (SP) problem, while for t = n it reduces to the minimum
spanning tree (MST) problem. In general, the polynomial time algorithms for
SP (e.g., [44]) and MST (e.g., [109]) do not use the IP formulation. Hence, the
existence of a polynomial time algorithm does not naturally imply an integral
formulation when coming to the BCR formulation. For t = n, the polyhedron
is proven to be integral [48], while [55] shows the same result for t = 2, and
hence in these two cases α = 1. However, the exact value of α for 2 < t < n
is unknown.

In this work, we extend the approach presented in [14, 50] for TSP
for computing the exact value of α for the BCR formulation. Similarly
to [14], if we divide the costs cij , i, j ∈ V of an instance G for the op-
timal value STP(G), we obtain another instance G′, having an optimal
value STP(G) = 1 but the same set of optimal solutions. Hence, defining
G1
n,t := {G |metric with n nodes and t terminals, STP(G) = 1}, we obtain

αn,t := sup
G∈G1

n,t

1

optBCR(G)
,

and hence
1

αn,t
:= inf

G∈G1
n,t

optBCR(G). (1.9)

Note that (1.9) leads to an optimization problem having linear constraints
but a quadratic objective function (note that ce and xij are both decision
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variables) that can be formulated as follows:

min
∑

{i,j}∈E

ce(xij + xji) (1.10a)

s.t. xij + xji ≤ 1, e = {i, j} ∈ E, (1.10b)
x
(
δ−(W )

)
≥ 1, W ⊂ V \ {r}, W ∩ T 6= ∅, (1.10c)

0 ≤ xij ≤ 1, ∀i, j ∈ V, i 6= j, (1.10d)
cij ≥ 0, ∀{i, j} ∈ E, (1.10e)
cij ≤ cik + cjk, ∀{i, j}, {i, k}, {j, k} ∈ E, (1.10f)∑
{i,j}∈E

ce(τ̄ij + τ̄ji) ≥ 1, ∀τ̄ ∈ SBCR(n, t). (1.10g)

Constraints (1.10b)–(1.10d) ensures the feasibility of vector x, while con-
straints (1.10e)–(1.10f) ensure the property of c being metric. Constraint
(1.10g) ensures STP(G) = 1, with the costs of G defined by c. Our pre-
liminary computational results show that (1.10a)–(1.10g) are intractable even
for n = 5 and t = 3, 4. Therefore, we proceed as done in [14, 31, 50], exploiting
the vertex representation of PBCR. Similarly to [14, 31, 50], and by recalling
that for each cost vector c, there exists an optimal solution attained at a ver-
tex, we can re-write (1.10a)–(1.10g) as a linear program for each vertex x of
PBCR(n, t).

min
∑

{i,j}∈E

ce(xij + xji) (1.11a)

s.t. cij ≥ 0, ∀{i, j} ∈ E, (1.11b)
cij ≤ cik + cjk, ∀{i, j}, {i, k}, {j, k} ∈ E, (1.11c)
the optimal solution of c is attained at x, (1.11d)∑
{i,j}∈E

ce(τ̄ij + τ̄ji) ≥ 1, ∀τ̄ ∈ SBCR(n, t). (1.11e)

and define Gap(x) as the optimal value of (1.11).
As in [14, 50], we observe that constraint (1.11d) can be formulated using

the complementary slackness conditions. Such conditions ensure that x be-
longs to the point minimizing the STP at cost c. A detailed formulation is
presented below

min
∑

{i,j}∈E

ce(xij + xji) (1.12a)

s.t. cij ≤ cik + cjk, ∀{i, j}, {i, k}, {j, k} ∈ E, (1.12b)

ye +
∑

(i,j)∈δ−(W )

zW + dij ≤ ce, ∀(i, j) ∈ A, (1.12c)

ye = 0, ∀(i, j) s.t. xij + xji < 1, e = {i, j} ∈ E, (1.12d)
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zW = 0, ∀W ⊂ V \ {r}, W ∩ T 6= ∅ s.t.
∑

(i,j)∈δ−(W )

xij > 1, (1.12e)

dij = 0, ∀(i, j) ∈ A s.t xij = 1, (1.12f)

ye +
∑

(i,j)∈δ−(W )

zW + dij − ce = 0, ∀(i, j) ∈ A s.t xij > 0, (1.12g)

ye, dij , dji ≤ 0, ∀e = {i, j} ∈ E, (1.12h)
zW ≥ 0, ∀W ⊂ V \ {r}, W ∩ T 6= ∅, (1.12i)
cij ≥ 0, ∀{i, j} ∈ E, (1.12j)∑
{i,j}∈E

ce(τ̄ij + τ̄ji) ≥ 1, ∀τ̄ ∈ SBCR(n, t). (1.12k)

1.3 A novel formulation for the complete metric case

Scip-Jack [52], the state-of-art solver for the (Graphic) STP, relies on a modi-
fied version of the BCR formulation, firstly introduced in [79]. The formulation
used by Scip-Jack (SJ) is presented through its associated polytope:

PSJ(n, t) := {x ∈ [0, 1]m : (1.13a)
x
(
δ−(W )

)
≥ 1 W ⊂ V \ {r}, W ∩ T 6= ∅, (1.13b)

x
(
δ−(r)

)
= 0, (1.13c)

x
(
δ−(v)

)
= 1, v ∈ T \ {r}, (1.13d)

x
(
δ−(v)

)
≤ 1, v ∈ S, (1.13e)

x
(
δ−(v)

)
≤ x

(
δ+(v)

)
, ∀v ∈ S, (1.13f)

x
(
δ−(v)

)
≥ xa, ∀a ∈ δ+(v), v ∈ S} (1.13g)

where δ+(W ) := {(i, j) | i ∈ W, j 6∈ W}.
Constraints (1.13c)–(1.13e) describe the inflow of every node: the first

equation ensures that no inflow is present in the root, the second equation
ensures that the inflow of terminal nodes is exactly equal to 1, since every
terminal must be reached, and the third equation ensures that the inflow of
non-terminal nodes is smaller or equal than 1 since a non-terminal node may
or may not be part of an optimal solution. Note that both terminal and non-
terminal nodes have an inflow of at most 1 so that at most one path exists
from the root to any node. Constraint (1.13f) ensures that non-terminal nodes
cannot be leaves of the solution. Constraint (1.13g) ensures that no flow is
generated from non-terminal nodes. Notice that this formulation is not specific
to the metric we want to attack, as illustrated by the example below.

Example 1. Let G = (V,E) be a complete metric graph with V =
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{1, 2, 3, 4, 5} and let T = {1, 2}. Define x as the following

xij =

{
1, if (i, j) ∈ {(1, 2), (3, 4), (4, 5), (5, 3)},
0, else.

(1.14)

We have that x is feasible for the SJ formulation with r = 1, but it is never
optimal for any metric cost since by setting x3,4 = x4,5 = x5,3 = 0 we obtain
a feasible solution with a strictly smaller cost. Note that, in particular, x is
not connected.

To prevent this issue, we introduce a stronger formulation tailored to the
Complete Metric (CM) case, which is presented below through its associated
polytope

PCM (n, t) := {x ∈ [0, 1]m : (1.15a)
x
(
δ−(W )

)
≥ 1, W ⊂ V \ {r}, W ∩ T 6= ∅, (1.15b)

x
(
δ−(r)

)
= 0, (1.15c)

x
(
δ−(v)

)
≤ 1, v ∈ V \ {r}, (1.15d)

2x
(
δ−(v)

)
≤ x

(
δ+(v)

)
, ∀v ∈ S}. (1.15e)

In particular, in our new formulation, the left-hand side of Constraint (1.13f)
is multiplied by 2. This ensures that a non-terminal node is visited only if
its outflow is at least 2. The idea is that, in a complete metric graph, if the
inflow and the outflow of a non-terminal node are both equal to 1, then there
exists an optimal solution with a smaller cost that avoids detouring in that
node. The existence of such a solution is guaranteed by the property that
the graph is metric and complete. Note that such a solution may not exist
in a non-complete graph, for example, when G = (V,E) with V = {1, 2, 3},
E = {{1, 3}, {2, 3}} and T = {1, 2}. We also avoid adding the equivalent of
Constraint (1.13g) because of the following lemma.

Lemma 1. When dealing with positive costs, Constraint (1.13g) is redundant
even for the simpler BCR formulation.

Before proving Lemma 1, we recall the Multi Commodity Flow (MCF)
formulation [41]:

min
∑

{i,j}∈E

ce(xij + xji) (1.16a)

s.t. xij + xji ≤ 1, e = {i, j} ∈ E, (1.16b)

f t (δ−(v))− f t (δ+(v)) =

−1, v = r

1, v = t

0, v 6= t, r

v ∈ V, t ∈ T \ {r} (1.16c)
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f t
ij ≤ xij ∀(i, j) ∈ A, (1.16d)
f t
ij , xij ∈ {0, 1}, ∀(i, j) ∈ A. (1.16e)

This formulation has a few interesting properties that we use in the follow-
ing proof of Lemma 1.

Proof of Lemma 1. Let xij be an optimum vertex for the BCR formulation
with a positive cost c. By [41, Theorem 3.2], in particular, because of the
equivalence

min{c⊺x |x ∈ PMCF (n, t)|x} = min{c⊺x |x ∈ PBCR(n, t)},

there exists a configuration of variables f t
ij such that f t

ij ≤ xij for every
t ∈ T, i, j ∈ V and

∑
i f

t
ij −

∑
i f

t
ji = 0 for every t ∈ T, j ∈ S. Because xij is

optimal for strictly positive costs, we have that xij = maxt∈T f t
ij and so there

exists tij ∈ T such that xij = f
tij
ij . Now, let k ∈ S. For every a ∈ δ+(k), that

is, for every l ∈ V \ {k} we have that

xa = xkl by definition
= f

tkl
kl by maximization

≤
∑
i

f
tkl
ki by nonnegativity

=
∑
i

f
tkl
ik by (1.16c)

≤
∑
i

xik by (1.16d)

= x(δ−(k)) by definition

which is equivalent to Constraint (1.13g).

Before discussing how we use this formulation to retrieve information re-
garding the integrality gap of the BCR formulation, we list some properties of
the CM formulation that we consider interesting.

1.3.1 Properties of the complete metric formulation

We first show that for a particular configuration of complete metric graphs,
namely, graphs with no triples of collinear points, the set of integer solutions
of the SJ formulation coincides with the set of integer solutions of the CM
formulation.
Lemma 2. Let G be a complete metric graph with c ∈ R(n−1)×n defining the
edge weights and let x ∈ SSJ be optimal for the cost vector c. If

cij < cik + ckj ∀{i, j}, {i, k}, {j, k} ∈ E, (1.17)

then x ∈ SCM and it is optimal for the same cost vector. Moreover, if y ∈ SCM

is optimal for G, then y ∈ SSJ and it is optimal for G.
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Proof. We clearly have that SCM ⊂ SSJ . Suppose then by contradiction that
there exists x ∈ SSJ , optmal for G such that x /∈ SCM . Because of the
constraints that describe the two models, this solution x must verify∑

i ̸=j

xij ≤
∑
k ̸=j

xjk, 2 ·
∑
i ̸=j

xij >
∑
k ̸=j

xjk,

for a certain j ∈ V \ T . It follows that there exists i, k ∈ V such that xij =
xjk = 1. Since we are in a complete graph, setting these two variables to zero
and setting xik = 1 gives us a feasible solution, which is also of smaller cost
because of hypothesis (1.17), which is in contradiction with the optimality of
x.

Let y ∈ SCM optimal for G. Clearly, y ∈ SSJ is feasible for SJ. Suppose
by contradiction that there exists z ∈ SSJ such that c⊺z < c⊺y. For the first
part of the proof, we have that z ∈ SCM optimal for CM, which contradicts
the optimality of y.

Observation 1. Note that, without hypothesis (1.17), we can say that given
a complete metric graph G and x ∈ SSJ optimal for G, there exists x′ ∈ SSJ

optimal for G such that x′ ∈ SCM optimal for G. In particular, x′ is chosen
as one of the optimal integer solutions of SJ that avoids detouring into non-
terminal nodes, where detouring into a node means entering with one edge
and exiting with one edge. The same reasoning can be applied to the BCR
formulation.
Observation 2. Note that Lemma 2 does not hold when removing the inte-
grality hypothesis. Take, for example, as graph G the metric completion of
the instance se03 of the SteinLib [80]. We have that

optSJ (G) = 11 < 12 = optCM (G) = STP(G).

We then have that optSJ(·) ≤ optCM (·), and so the integrality gap of the CM
formulation is a lower bound for the integrality gap of the SJ formulation on
complete metric graphs. Moreover, the bound is not always tight. The same
holds for the BCR formulation.

An interesting property of the CM formulation is connectedness. Con-
straints (1.13b) enforce that in an SJ solution, all the terminal nodes belong
to the same connected component, but this is not guaranteed for non-terminal
nodes. For the CM formulation instead, the following lemma holds.
Lemma 3. The support graph of any feasible point of PCM is connected.

Proof. It suffices to prove that no connected components without terminals
exist since every terminal belongs to the same connected component because
of Constraint (1.15b). Let x ∈ PCM and let H ⊂ V be a connected component
of x containing no terminals. Constraint (1.15e) implies∑

i,j∈H

xij =
∑
j∈H

∑
i∈H

xij ≥
∑
j∈H

2
∑
i∈H

xji = 2
∑

i,j∈H

xji = 2
∑

i,j∈H

xij .
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The only possibility is that
∑

i,j∈H xij = 0, so no connected component with-
out terminals can be part of a feasible solution for CM.

Note that Lemma 3 does not hold for the SJ formulation, as Example 1
shows.

Another interesting property of the CM formulation deals with constraint
reduction. In this case, we can prove theoretical results on the number of
edges in an integer CM solution and, consequently, on the number of Steiner
nodes.

Lemma 4. Let x ∈ SCM (n, t). Then, x verifies∑
i,j

xij ≤ min(n− 1, 2t− 3). (1.18)

Proof. Given x, let Gx = (Vx, Ex) denote the corresponding support graph,
that is Vx = {i ∈ V : x(δ+(i)) + x(δ−(i)) > 0} and Ex = {e = {i, j} ∈ E :
xij + xji > 0}. We know that Gx is acyclic because of Constraint (1.15d) and
we also know that Gx is connected because of Lemma 3, so Gx is a tree. Since
|Vx| ≤ n, we have that

∑
i,j xij ≤ n − 1. Now, we only need to prove that∑

i,j xij ≤ 2t− 3. We have that∑
i,j

xij =
∑
j

∑
i ̸=j

xij =
∑
j∈T

∑
i ̸=j

xij +
∑

j∈V \T

∑
i ̸=j

xij =

=
∑
i ̸=r

xir +
∑

j∈T\{r}

∑
i ̸=j

xij +
∑

j∈V \T

∑
i ̸=j

xij ≤

≤ 0 + (t− 1) +
1

2

∑
j∈V \T

∑
k ̸=j

xjk,

where the last inequality holds because of Constraint (1.15c), Constraint
(1.15d) combined with Constraint (1.15b), and Constraint (1.15e), respec-
tively. Note that only the last one gives us inequality since the others hold
with equality. We can now rewrite∑

j∈V \T

∑
k ̸=j

xjk =
∑
i,j

xij −
∑
j∈T

∑
k ̸=j

xjk.

Combining this with the previous equation, we get that∑
i,j

xij ≤ t− 1 +
1

2

∑
i,j

xij −
1

2

∑
j∈T

∑
k≠j

xjk.

Rearranging the terms, we obtain

1

2

∑
i,j

xij ≤ t− 1− 1

2

∑
j∈T

∑
k ̸=j

xjk
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and hence, multiplying by 2∑
i,j

xij ≤ 2t− 2−
∑
j∈T

∑
k ̸=j

xjk =

= 2t− 2−
∑
k ̸=r

xrk −
∑

j∈T\{r}

∑
k ̸=j

xjk ≤ 2t− 2− 1− 0 = 2t− 3,

where the last inequality holds because
∑

k ̸=r xrk ≥ 1 by taking W = V \ {r}
in Constraint (1.15b), and because xjk ≥ 0, respectively.

Observation 3. Let t ≤ n
2
+ 1 and so min(n − 1, 2t − 3) = 2t − 3. Then,

if we consider the CM, our solution is a tree with at most 2t − 3 edges, so it
has 2t− 3 + 1 = 2t− 2 nodes, t of which are terminals, leaving us with t− 2
Steiner vertices. Thus, it suffices to write Constraints (1.15b) only for

W = W1 tW2, W1 ⊂ T \ r, |W1| ≥ 1, W2 ⊂ V \ T, |W2| ≤ t− 2, (1.19)

instead of writing it for any W = W1 tW2, W2 ⊂ V \ T . For instance, in the
case (n, t) = (20, 5) we go from (24 − 1)× 215 = 491520 possible choices of W
to just (24 − 1)×

∑3
i=0

(
15
i

)
= 8640, which is around 1.8% of the total.

After discussing the properties that make the CM formulation interesting
by itself, we now focus on commenting on its advantages in deducing informa-
tion on the lower bounds of the BCR.

First, we discuss why studying the complete metric case is not restrictive.
In particular, we use the metric closure of a graph, defined below.

Definition 1 (Metric Closure of a Graph). Let G = (V,E) be an edge-
weighted connected graph. We define the metric closure of G the complete
metric graph Ḡ = (V, Ē) such that the weight of the edge {i, j} in Ḡ is equal
to the value of the shortest paths from i to j in G.

We now link the integrality gap of the BCR formulation of a graph to the
corresponding integrality gap of its metric closure.

Lemma 5. Let G = (V,E), T ⊂ V be a Steiner instance, and let Ḡ be the
Steiner instance corresponding to the metric closure of G. Then we have that

STP(G) = STP(Ḡ), optBCR(G) = optBCR(Ḡ). (1.20)

Proof. Let x be an integer feasible solution for G for the BCR formulation.
Then, it is also a feasible solution for Ḡ, and because of the definition of
metric closure, it is a feasible solution with a smaller cost. We have then
that STP(Ḡ) ≤ STP(G). Let now x̄ be a feasible solution for Ḡ for the
BCR formulation. Reasoning in a non-oriented way, if we take every edge
of x̄ and substitute it with the corresponding shortest path in G, we obtain
a subgraph of G that can be oriented as a feasible solution x of G, with a
smaller cost. The cost is (non-strictly) smaller because we may take the same
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edge in different shortest paths. We then have that STP(Ḡ) ≥ STP(G) and
so STP(Ḡ) = STP(G).

For the same reasoning, we have that optBCR(G) = optBCR(Ḡ), with the
exception that, when substituting an edge of Ḡ with the corresponding shortest
path in G, since we are dealing with fractional solutions, if we have to take
the same edge multiple times because it appears in multiple shortest paths, we
have to take the minimum between 1 and the sum of all the values with which
that edge appears. This choice preserves feasibility and does not produce a
solution with a larger cost.

From this lemma, it follows that the integrality gap calculated with re-
spect to the CM formulation only on metric graphs is a lower bound for the
integrality gap of the BCR formulation across all graphs.

1.3.2 The gap problem for the CM formulation

With this in mind, one can proceed as in Section 1.2 and define a Gap problem
for the CM formulation. Given x vertex of PCM(n, t), we define its gap as the
linear problem of finding the cost vector that maximizes the integrality gap of
a vertex x, among those for which x is optimal. As the structure is nontrivial,
we first write the constraints of the dual formulation.

Let W (i, j) defined as

W (i, j) := {W | W ⊂ V \ {r}, W ∩ T 6= ∅, (i, j) ∈ δ−(W )}

Then, using the theory of LP duality, we can write the following.

yri + vi +
∑

w∈W (r,i)

zw ≤ cri, i ∈ T \ {r}, (1.21a)

yrj + vj + 2uj +
∑

w∈W (r,j)

zw ≤ crj , j ∈ S, (1.21b)

yij + vj +
∑

w∈W (i,j)

zw ≤ cij , i, j ∈ T \ {r}, (1.21c)

yij + vj + 2uj +
∑

w∈W (i,j)

zw ≤ cij , i ∈ T \ {r}, j ∈ S, (1.21d)

q + yir ≤ cir, ∀i ∈ T \ {r}, (1.21e)
q + yjr ≤ cjr, ∀j ∈ S, (1.21f)

yji + vi − uj +
∑

w∈W (j,i)

zw ≤ cji, i ∈ T \ {r}, j ∈ S, (1.21g)

yij + vj + 2uj − ui +
∑

w∈W (i,j)

zw ≤ cij , i, j ∈ S, (1.21h)

q free, z ≥ 0, vj , uj , yij ≤ 0. (1.21i)
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Note that we can merge some constraints, in particular, (1.21a) and (1.21c)
are the same constraint where i ∈ T and j ∈ T \ {r}. The same holds for
(1.21b) and (1.21d) if i ∈ T and j ∈ S. Lastly, we can drop constraint (1.21e)
and (1.21f) as variable q is free, and it only appears in these constraints.
Note that, referring to the primal formulation, this would imply deleting the
variables xir, i ∈ V \ {r}. Hence, the dual polytope can be rewritten as

yij + vj +
∑

w∈W (ij)

zw ≤ cij , i ∈ T, j ∈ T \ {r}, (1.22a)

yij + vj + 2uj +
∑

w∈W (i,j)

zw ≤ cij , i ∈ T, j ∈ S, (1.22b)

yji + vi − uj +
∑

w∈W (j,i)

zw ≤ cji, i ∈ T \ {r}, j ∈ S, (1.22c)

yij + vj + 2uj − ui +
∑

w∈W (i,j)

zw ≤ cij , i, j ∈ S, (1.22d)

z ≥ 0, vj , uj , yij ≤ 0. (1.22e)

Given a vertex x ∈ PCM(n, t), we introduce variables cij , {i, j} ∈ E that
satisfy the triangle inequality and non-negativity constraints. Adding them to
the slackness compatibility conditions we obtain the following linear program
with exponentially many variables and constraints:

min
∑

{i,j}∈E

ce(xij + xji) (1.23a)

s.t. cij ≤ cik + cjk ∀{i, j}, {i, k}, {j, k} ∈ E, (1.23b)
zW = 0, ∀W ∈ W, (1.23c)
vj = 0, ∀j ∈ V \ {r}, x

(
δ−(j)

)
< 1, (1.23d)

uj = 0, ∀j ∈ S, 2x
(
δ−(v)

)
< x

(
δ+(v)

)
, (1.23e)

yij = 0, ∀(i, j) ∈ A, xij < 1, (1.23f)
cij ≥ 0, ∀{i, j} ∈ E, (1.23g)∑
{i,j}∈E

ce(z̄ij + z̄ji) ≥ 1, ∀z̄ ∈ SCM (n, t) (1.23h)

∀xij > 0 :

yij + vj +
∑

w∈W (ij)

zw − cij = 0, ∀i ∈ T, j ∈ T \ {r}, (1.23i)

yij + vj + 2uj +
∑

w∈W (i,j)

zw − cij = 0, ∀i ∈ T, j ∈ S, (1.23j)

yji + vi − uj +
∑

w∈W (j,i)

zw − cji = 0, ∀i ∈ T \ {r}, j ∈ S, (1.23k)
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yij + vj + 2uj − ui +
∑

w∈W (i,j)

zw − cij = 0, ∀i, j ∈ S. (1.23l)

1.4 Heuristic enumeration of nontrivial vertices

In this section, we present the theoretical results and algorithms used to enu-
merate vertices of the polytope PCM (n, t). We first introduce results linking
polytopes of different dimensions, and then, relying upon these and other
structural results, we present two different algorithms for vertices enumera-
tion.

1.4.1 Avoiding redundancy

First, let us define a particular class of vertices that will be of interest for our
results.

Definition 2. Let x be a vertex of PCM (n, t). We will call x a spanning vertex
if all of the nodes are part of the solution x, that is, x(δ−(i)) + x(δ+(i)) > 0
for all i ∈ V .

Note that Lemma 3 implies that every spanning vertex is connected. In an
STP, Steiner nodes may or may not be part of an optimal solution. This holds
for vertices of PCM (n, t), both integer and non-integer, that is, not all of the
vertices are spanning vertices. Hence, we can consider whether a non-spanning
vertex of PCM (n, t) can be seen as a spanning vertex of a polytope of a smaller
dimension, and vice versa, that is, if a spanning vertex of PCM (n, t) can be
seen as a vertex of a polytope of a larger dimension. The following results
link vertices of PCM (n+1, t) with vertices of PCM (n, t) and vice versa. These
results will be used in the enumeration of vertices to reduce the dimension of
our search space by avoiding redundancy.

Lemma 6. Let x ∈ R(n−1)×n. Define y ∈ Rn×(n+1) as

yij =

{
xij , 1 ≤ i, j < n+ 1,

0, otherwise.
(1.24)

Then, x ∈ PCM (n, t) if and only if y ∈ PCM (n+ 1, t).

Proof. Let x ∈ PCM (n, t). Note that y satisfies the domain constraints. Re-
garding Constraint (1.15b), we distinguish two cases. Let W be a set as de-
scribed in (1.15b) for y. (a) If n+1 ∈ W , going from x to y adds the variables
xi,n+1 which are all zero so since x satisfies the constraint y satisfies it too. (b)
If n+1 /∈ W , going from x to y adds the variables xn+1,j which are all zero so
since x satisfies the constraint y satisfies it too. Constraints (1.15c)–(1.15d)
are satisfied by y since x satisfies them, and we are only adding variables that
take the value zero. Regarding Constraint (1.15e), if j = n+1, the constraint
holds trivially since all the variables are zero. If j 6= n + 1, going from x to
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y adds the variables xi,n+1, xn+1,j which are all zero, so since x satisfies the
constraint, y also satisfies it.

Let y ∈ PCM (n+1, t) of the form (1.24). Note that x satisfies the domain
constraints. Let W be a set as described in (1.15b) for x. Let Ŵ := W∪{n+1}.
Ŵ is a set for which y satisfies the correspondent constraint (1.15b). In the
Ŵ constraint, the only variables that appear are the ones appearing in the W
constraint plus the variables xi,n+1 which are all zero. Since the Ŵ constraint
is satisfied by y, the W constraint is satisfied by x. Constraints (1.15c)–(1.15d)
are clearly satisfied by x since y satisfies them. Regarding Constraint (1.15e),
passing from y to x removes the variables xi,n+1, xn+1,j which are all zero, so
since y satisfies the constraint, x also satisfies it.

The following lemmas show how to identify vertices of PCM (n+ 1, t) with
the ones of PCM (n, t) and vice versa.

Lemma 7. Let x be a vertex of PCM (n, t). Then

yij =

{
xij , if i, j 6= n+ 1,

0, otherwise
(1.25)

is a vertex of PCM (n+ 1, t).

Proof. The idea of the proof is to show by contradiction that if y is not a vertex,
that x cannot be a vertex as well. In detail, we have that y ∈ PCM (n + 1, t)
because of Lemma 6. Let PCM (n+1, t)0 be the subpolytope of PCM (n+1, t)
defined as

PCM (n+ 1, t)0 := {z ∈ PCM (n+ 1, t) : zi,n+1 = zn+1,j = 0, 1 ≤ i, j ≤ n}.

Let

π : PCM (n+ 1, t)0 ↠ PCM (n, t)

(zij)i,j 7→ (zij)i,j ̸=n+1

be the projection considering the first n nodes. Note that π(y) = x and that
π is an injective map. Note also that Im(π) ⊂ PCM (n, t) because of Lemma 6.
By contradiction, suppose that there exist a, b ∈ PCM (n+1, t) such that a 6= b,
y = 1

2
a+ 1

2
b. We have that

yi,n+1 = yn+1,j = 0 =
1

2
(ai,n+1 + bi,n+1) =

1

2
(an+1,j + bn+1,j).

Since a, b ∈ PCM (n + 1, t), we have that ai,n+1, bi,n+1, an+1,j , bn+1,j ≥ 0 and
so ai,n+1, bi,n+1, an+1,j , bn+1,j = 0. Thus, a, b ∈ PCM (n + 1, t)0 and we can
define c := π(a), and d := π(b), and we have that c, d ∈ PCM (n, t), c 6= d,
x = 1

2
c+ 1

2
d, a contradiction.
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Lemma 8. Let t < n and let y be a vertex of PCM (n, t) of the form

yij =

{
xij , if i 6= n 6= j,

0, else,
(1.26)

for n ∈ V \ T . Then x is a vertex of PCM(n− 1, t).

Proof. We have that x ∈ PCM(n− 1, t) because of Lemma 6. Let

i : PCM(n− 1, t) ↪→ PCM (n, t)

(zi,j)i ̸=n ̸=j 7→ ((zi,j)i ̸=n ̸=j , 0, . . . , 0)

be the trivial immersion and note that i(x) = y. Note also that Im(i) ⊂
PCM (n, t) because of Lemma 6. By contradiction, suppose there exist c, d ∈
PCM(n − 1, t) such that c 6= d, x = 1

2
c + 1

2
d. If we define a := i(c), and

b := i(d), we have that a, b ∈ PCM (n, t), a 6= b, y = 1
2
a+ 1

2
b, and so we have a

contradiction.

Note that the result above still holds if we replace the node n with any
node k ∈ V \ T .

Observation 4. Let π and i be the maps introduced in the proofs of Lemma 7
and Lemma 8, respectively. Note that π is an injective map and i(PCM (n, t)) ⊂
PCM (n + 1, t)0, thus we have that π is also a surjective map and so it is
bijective. Moreover, π is linear and sends vertices in vertices. In particular
PCM (n + 1, t)0 ∼= PCM (n, t), where the isomorphism is given by the map π.
Note that π is a surjective map because given an element x ∈ PCM (n, t), we
have that π(i(x)) = x, and we can map i(x) through π because i(PCM (n, t)) ⊂
PCM (n + 1, t)0. This implies that, in the aim of evaluating vertices of our
polytopes, it is sufficient to evaluate vertices of PCM (n, t) to get all of the
vertices of PCM (m, t), for every m = t, t + 1, . . . , n. Alternatively, we can
evaluate only the spanning vertices of PCM (n, t) for every n, t, since every
non-spanning vertex can be seen as a spanning vertex of a polytope of a
smaller dimension, applying the lemmas above iteratively. Note that we are
only interested in non-isomorphic vertices because isomorphic vertices have
the same integrality gap. Note also that the results presented above hold for
the BCR and the SJ formulations. The proof can be done in almost the same
way.

Observation 5. As we have seen, the trivial way to go from a vertex of
PCM (n+ 1, t) to a vertex of PCM (n, t) is removing zeros, and the trivial way
to go from a vertex of PCM (n, t) to a vertex of PCM (n+ 1, t) is adding zeros.
As one would expect, the trivial way to go from a vertex of PCM (n+ 1, t+ 1)
to a vertex of PCM (n, t) and vice versa is the “dual” procedure of the previous
one, that is, adding or removing one 1. Note that this can be done in different
ways. More precisely, the following procedures start with a vertex of PCM (n, t)
and return a vertex of PCM (n+ 1, t+ 1).
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(a) Add an edge of weight 1 between a node v of indegree 1 and the new
added terminal, see for example Figure 1.2b → Figure 1.3a and Fig-
ure 1.2a → Figure 1.3b.

(b) Same as (a), but substituting the outflow of v with the outflow of the
newly added terminal, see for example Figure 1.2b → Figure 1.3c.

(c) Add an edge of weight 1 between the newly added terminal and the root,
then swap the role of these two nodes, see Figure 1.2a → Figure 1.3d.

Reversing these procedures, when possible, allows us to go from a PCM (n +
1, t+1) to a vertex of PCM (n, t). The proofs are similar to the ones presented
above. For all of the procedures above, it is clear that the generated vertices
are not isomorphic to the ones we start from.

Note that the above procedures do not change the integrality gap, as shown
by the lemma below.
Lemma 9. Let ε ≥ 0, c ∈ Rn

≥ϵ a cost vector of a minimization ILP instance,
and let x ∈ {0, 1}n be the variables of the LP. Denote by x̄, x̂ an optimal integer
solution and an optimal solution of the LP relaxation, respectively. Suppose
an index k exists such that x̂k = 1. Then, the instance c̃ defined as

c̃j =

{
cj j 6= k,

ε j = k,
(1.27)

has a greater or equal integrality gap than the instance c. Moreover, x̂ is an
optimum for the LP relaxation of the instance c̃.

Proof. Let P ⊂ [0, 1]n be the polytope defined by the LP relaxation. For
the second part, suppose by contradiction that there exists y ∈ P such that
c̃⊺y < c̃⊺x̂. This can be rewritten as

c̃⊺y =

n∑
i=1

c̃iyi = εyk +

n∑
i ̸=k

ciyi < εx̂k +

n∑
i ̸=k

cix̂i.

Thus,

c⊺y = ckyk +

n∑
i ̸=k

ciyi < ckyk + ε(x̂k − yk) +

n∑
i ̸=k

cix̂i =

= ε(x̂k − yk) + ckyk − ckx̂k +

n∑
i=1

cix̂i =

= (ε− ck)(x̂k − yk) + c⊺x̂ = (ε− ck)(1− yk) + c⊺x̂ ≤ c⊺x̂,

which contradicts the optimality of x̂. For the first part, we have

IG(c̃) =
ILP(c̃)

LP(c̃)
=

ILP(c̃)

c̃⊺x̂
=

ILP(c̃)

LP(c)− ck + ε
.
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We have that ILP(c̃) ≤ c̃⊺x̄ ≤ c⊺x̄ = ILP(c). We now want to prove that
ILP(c̃) ≥ ILP(c) − ck + ε. Suppose by contradiction that there exists ȳ ∈ P
integer such that c̃⊺ȳ < c⊺x̄− ck + ε. But then

c⊺ȳ = ckȳk +

n∑
i ̸=k

ciȳi = (ck − ε)ȳk + c̃⊺ȳ

< (ck − ε)ȳk + c⊺x̄− ck + ε = (ȳk − 1)(ck − ε) + c⊺x̄ ≤ c⊺x̄,

which contradicts the optimality of x̄. We then have that ILP(c) ≥ ILP(c̃) ≥
ILP(c)− ck + ε, which implies

ILP(c)

LP(c)− ck + ε
≥ IG(c̃) ≥ ILP(c)− ck + ε

LP(c)− ck + ε
≥ ILP(c)

LP(c)
= IG(c)

where the last inequality holds because ILP(c) ≥ LP(c) ≥ 0, LP(c)−ck+ε ≥ 0,
ck ≥ ε.

Observation 6. Let x̂ be a fractional vertex of PCM (n, t) such that x̂ij = 1.
Because of Lemma 9, the maximum integrality gap is reached by minimizing
the value of cij , making node i and node j collapse onto each other. This can
be done by choosing a sequence of values of ε such that ε → 0. The study of
the gap of this vertex is then equivalent to the study of the gap of a vertex
of a smaller dimension. Note that, if we restrict the study to the metric case,
even if (1.27) might not define a metric cost, the result still holds because of
Lemma 5.

1.4.2 Two heuristics procedure for vertices enumeration

In the following, we state more properties of the CM formulation that permit
the design of two different heuristic procedures, in particular, one general
search and one dedicated to a specific class of vertices. We are only interested
in spanning vertices (Observation 4).

The {1,2}-costs heuristic

The first procedure is based on the observation that, when looking for integer
solutions of the CM formulation, it is enough to study only metric graphs with
edge weights in the set {1, 2}.

Theorem 1. Let x ∈ SCM (n, t). Then, x is an integer optimal solution for
the CM formulation with the metric cost cij = 2− (xij + xji) ∈ {1, 2}.

Proof. Consider x and the STP instance given by the vector c defined in
the statement. We want to prove that x is optimal. Let x′ be the integer
optimal solution for c and let s, s′ be the number of Steiner nodes of x and
x′, respectively. Let us write xe = xij + xji and the same for x′. We will
divide the proof into two cases. First, we will prove (i) that if s′ ≥ s, then
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necessarily s′ = s and x = x′. Then, we will prove (ii) that if s′ < s we get a
contradiction.

(i) Since the optimal solution is a tree with t terminals and s and s′ Steiner
node, respectively, we have that∑

e∈E

xe = t+ s− 1,
∑
e∈E

x′
e = t+ s′ − 1.

Note that the definition of c implies that the cost is equal to 1 on the
edges of the support graph of the solution and equal to 2 otherwise.
Because of the definition of c, we have that∑

e∈E

cexe = t+ s− 1.

Now let I0 = {e : xe = 0, x′
e = 1}, I1 = {e : xe = 1, x′

e = 0},
I = {e : xe = x′

e}. We then have that∑
e∈E

cex
′
e =

∑
e∈I0

cex
′
e +

∑
e∈I1

cex
′
e +

∑
e∈I

cex
′
e = 2× |I0|+ |I| ≥ |I0|+ |I| =

= t+ s′ − 1 ≥ t+ s− 1 =
∑
e∈E

cexe,

and they are equal if and only if s′ = s and I0 = ∅, and since these two
conditions imply I1 = ∅, we have that x = x′.

(ii) Let S(x) and S(x′) be the set of Steiner nodes of the solution x and
x′, respectively. Let S = {s1, . . . , sk} = S(x) \ S(x′) and let z be the
number of edges of the form sisj . Note that S 6= ∅, otherwise we would
have s′ ≥ s. Now, x′ is a tree with s′ + t. Thanks to the hypothesis
s′ < s, we have s′ = s − k, and hence x′ is a tree with s + t − k nodes,
so s + t − k − 1 edges. On the other side, x has s + t − 1 edges, all of
them of cost 1, while all of the other edges have cost 2. We now have to
evaluate how many edges of cost 2 x′ must have, given that it does not
contain any node of the set S. We have that c contains exactly s+ t− 1
edges of cost 1, and the number of those edges that contain a node of S
is
(∑k

i=1 deg(si)
)
− z.

Since we said that x′ must contain s+t−k−1 edges, its cost is E1+2×E2,
where E1 is the number of edges of cost 1 and E2 is the number of edges
of cost 2, and we have that

E1 ≤ s+ t− 1−

((
k∑

i=1

deg(si)

)
− z

)
, E2 = s+ t− k − 1− E1,
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and the minimum of E1 +2×E2 is attained when E1 is exactly equal to
the rhs. The difference between the cost of x′ and the cost of x, which
is exactly s+ t− 1, is then at least

2×

((
k∑

i=1

deg(si)

)
− k − z

)
−

((
k∑

i=1

deg(si)

)
− z

)
=

=

(
k∑

i=1

deg(si)

)
− 2k − z ≥ 3k − 2k − z ≥ k − z ≥ 1,

So, x′ is not optimal, and we have a contradiction. Note that deg(si) ≥ 3
because of Constraints (1.15d) and (1.15e), and k − z ≥ 1 because the
support graph associated to S as a subgraph of x is a forest since it is a
subgraph of a CM solution, which is a tree.

Observation 7. Note that the generalization of Theorem 1 does not hold in
general for the non-integer case, that is, if x is a non-integer point of PCM (n, t),
then x is not necessarily an optimal solution for the CM formulation with the
metric cost

cij = 2− 1Ex({i, j}), Ex = {e = {i, j} ∈ E : xij + xji > 0}, (1.28)

see, for example, the vertex depicted in Figure 1.4d. In this case, with the
cost assignation (1.28), we have that the fractional vertex has a value of 11/2
(multiply the number of edges by 1/2), while the optimal value of the CM
formulation for this instance is 5. Thus, the vertex shown in Figure 1.4d
cannot be optimal for this instance. It still holds that the vertex mentioned
above is an optimum of a metric graph where every edge weight is in the set
{1, 2}, namely setting the cost as in (1.28) but changing the cost of the two
edges outflowing the root, setting them to 2 instead of 1. Note that in this
case, the subgraph linked to edges with cost 1 is not connected, as the root
represents a connected component.

The observation above, together with Theorem 1, lead us to formulate a
heuristic search based on the generation of metric graphs with edge weights
in the set {1, 2} and then solve the STP on those instances. The detailed
procedure called OTC(n, t) as in One-Two-Costs is described in Algorithm
Algorithm 1.

Note that for computational reasons, we restricted our search to the gener-
ation of only connected graphs, and so to graphs with costs {1, 2} in which the
subgraph regarding the edges of cost 1 spans all the nodes and is connected.
We know this is a strong restriction, making the procedure unable to find some
vertices, see Observation 7. Note also that we restrict our search to graphs
G = (V,E) with n ≤ |E| ≤ n · t − t2: the lower bound is given by the fact
that we are only interested in non-integer vertices, and the upper bound was
derived after a first set of computational experiments.

27



Algorithm 1 {1, 2}-costs vertices heuristic
procedure OTC(n, t)
G = {G = (V,E) | G connected, |V | = n, n ≤ |E| ≤ n · t− t2}
T = {T | T ⊂ {1, . . . , n}, |T | = t}
for G ∈ G do

for T ∈ T do
for r ∈ T do

GT,r = node-colored graph with
· G as its support graph
· r colored as root
· i colored as terminal ∀i ∈ T \ {r}
· j colored as steiner ∀i /∈ T

if GT,r ≇ H ∀H ∈ G then
add GT,r to G

V = ∅
for GT,r ∈ G do

obtain STP instance (G,T, r) from GT,r with cij =

{
1, {i, j} ∈ GT,r

2, otherwise
solve the relaxation of the CM formulation for the instance above
if a solution x is found and it is a non-integer vertex of PCM (n, t) then

add x to V
return V

Pure half-integer vertices

Guided by the literature, we narrow our research to a specific class of vertices,
which is conjectured to exhibit the maximum integrality gap in other NP-
Hard problems (see, e.g., the Symmetric Traveling Salesman Problem [14,
31] and the Asymmetric Traveling Salesman Problem [50]). In particular,
we restrict our attention to vertices having their values in {0, 1

2
, 1}. Given a

non-integer vertex x of PCM (n, t), we say that x is half-integer (HI) if xij ∈
{0, 1/2, 1} ∀i, j ∈ V and we say that x is pure half-integer (PHI) if xij ∈
{0, 1/2} ∀i, j ∈ V . In the following section, we state and prove some properties
of PHI vertices. The choice of focusing only on PHI vertices instead of HI
vertices is motivated by Lemma 9 and Observation 6.

Lemma 10. Let x be a pure half-integer solution of PCM (n, t) which is also
a vertex of PBCR(n, t) optimum for a metric cost. Then we have that xij >
0 ⇒ xji = 0.

Proof. Since x is pure half-integer, we have xij = 1/2. Suppose by contra-
diction that xji 6= 0, and so by the same reasoning, xji = 1/2. Because of
Lemma 3, we have that the set {i, j} is not a connected component of x,
namely, is not an isolated 2-cycle, and neither of the two nodes can be the

28



root, as the root has inflow equal to 0 because of Constraint (1.15c). Thus,
there must exist a path from the root to the two nodes, and so there must
exist an active arc going from a third node to one of the two nodes we are
considering. Without loss of generality, let xki > 0, that implies xki = 1/2.
Suppose xik = 0 since, otherwise, we can do the same reasoning for nodes
{i, j, k} and repeat it until we return to the root, which has no inflow. Now,
we distinguish between two cases.

(a) No other inflow is present in j, that is, xaj = 0 ∀a 6= j . Note that this
implies that j is not a terminal since it has an inflow of 1/2. Then x is
not optimum. Consider x′ that is equal to x on all the arcs but the arc
(j, i), and set x′

ji = 0. For any nonnegative c, c⊺x′ < c⊺x. Note that x′

is feasible for the BCR. Constraint (1.1b) is clearly satisfied. Constraint
(1.1c) could not be verified by x′ only for a set W for which I ∈ W, j /∈ W ,
because then it appears the only variables that differ from x. Let us take
one of these sets and define W̄ = W ∪ {j}. We can write∑

(a,b)∈δ−(W )

x′
ab =

∑
(a,b)∈δ−(W )
(a,b) ̸=(j,i)

x′
ab + x′

ji =

=
∑

(a,b)∈δ−(W̄ )

x′
ab −

∑
a∈V \W

x′
aj + x′

ji =

=
∑

(a,b)∈δ−(W̄ )

xab −
∑

a∈V \W

xaj + x′
ji =

=
∑

(a,b)∈δ−(W̄ )

xab + 0 + x′
ji ≥ 1 + 0 = 1,

where the inequality holds because x is feasible and W is a valid set. So
we have that x′ is feasible even for the constraints regarding the sets W for
which i ∈ W, j /∈ W and so it is feasible for the BCR. If x′ is feasible for the
CM, the proof is concluded. If x′ is not feasible for the CM formulation,
it is because of Constraint (1.15e) because x′ satisfied all of the other
constraints since x is feasible for CM. Regarding Constraint (1.15e), if x′

is not feasible for the CM anymore, it is because the outdegree of j in x
was exactly two, namely xji = 1

2
and there exist d such that xjd = 1

2
.

Hence, we can build x′′ from x′ by removing arc x′
ij and x′

jd from x′ and
by adding the arc x′′

id, avoiding the detour in j. This solution is feasible for
the CM, and it holds c⊺x′′ ≤ c⊺x′, for the non-negativity and the triangle
inequality. Hence, c⊺x′′ < c⊺x, from the relation between x and x′ already
proved. Hence, we can conclude that if the only inflow of the (Steiner)
node j is xij , x is neither optimal for the CM nor for the BCR.

(b) The total inflow of j is 1, and so there exists l such that xlj = 1/2. Suppose
xjl = 0 and suppose that both k and l have an inflow of 1. This will ensure
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the feasibility of the two points we are about to construct. Then x is not
a vertex of PBCR(n, t), because by setting

yab =


0, if a = l, b = j, or a = j, b = i,

1, if a = i, b = j, or a = k, b = i,

xab, else,

zab =


1, if a = l, b = j, or a = j, b = i,

0, if a = i, b = j, or a = k, b = i,

xab, else,

we have y 6= z, x = 1
2
y+ 1

2
z, and y, z ∈ PBCR(n, t) by an argument similar

from the one above.
Visually, we can represent the three points as the following

x = k i j l

y = k i j l

z = k i j l

where we draw only the interesting arcs. Note that dashed arcs represent
a value of 1/2 while full arcs represent a value of 1. If xjl 6= 0, that is,
xjl = 1/2, then we can go backward until we find one node m such that
there exists p for which xpm = 1/2, xmp = 0, and such a p exists because
we can go back to the root with the same reasoning as above. Suppose
that both k and p have an inflow of 1. We now do the same reasoning
with y and z but consider the whole paths from p to i and from k to m
instead of the paths from l to i and from k to j.
Visually, we can represent the three points as the following

x = k i j l . . . m p

y = k i j l . . . m p

z = k i j l . . . m p

where we draw only the interesting arcs. Note that dashed arcs represent
a value of 1/2 while full arcs represent a value of 1. If k or p do not have
an inflow of 1, we can just go backward until we find a point with this
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property. If we do not find it, we go backward to the root. At this point,
we can do the same reasoning with the paths as we did above.

We now focus on a particular type of PHI vertices, namely spanning ver-
tices such that every Steiner node has indegree exactly one. We conjecture that
every PHI spanning vertex has this property based on the following reasoning:
first of all, because of Lemma 10, there are no loops of length 2, and so every
edge can be oriented in only one way. Suppose there exists a Steiner node k
such that indeg(k) > 1, and since the maximum inflow is 1 because of Con-
straint (1.15d) and we are dealing with pure half-integer solutions, we have that
indeg(k) = 2. Then, regarding the MCF formulation, there exist T1, T2 ⊂ T ,
T1, T2 6= ∅, and i, j ∈ V such that f t1

ik = f t2
jk = 1/2, ∀t1 ∈ T1, t2 ∈ T2. We con-

jecture that is always possible to construct y, z ∈ PBCR(n, t) such that y 6= z
and x = 1

2
y + 1

2
z, leading to a contradiction. In particular, y is derived by x

by setting f t1
ik = 1, f t2

ik = 0, ∀t1 ∈ T1, t2 ∈ T2, and all the other variables are
set accordingly to (1.16c), while z is derived by x by setting f t1

ik = 0, f t2
ik = 1,

∀t1 ∈ T1, t2 ∈ T2, and all the other variables are set accordingly to (1.16c).
We now derive some properties of these vertices that will be exploited in

our heuristic search.

Lemma 11. Let x be a pure half-integer solution of PCM (n, t), t ≥ 3 that
is also a vertex of PBCR(n, t) and an optimum for a metric cost. Let x be a
spanning vertex such that every Steiner node has indegree 1. Then, it holds
that

• |{(i, j) ∈ A | xij > 0}| = n+ t− 2,

• 3t− n− 4 ≥ 0.

Proof. For the first point, it suffices to count the incoming edges of each node.
We have one incoming edge for each Steiner node and exactly two incoming
edges for every terminal that is not the root since every terminal has an inflow
exactly equal to one, and our edges have weights 1/2. The total number of
edges is n− t+ 2(t− 1) = n+ t− 2.

For the second point, because of Constraint (1.15b), we have that at least
two edges exit from the root and at least two edges enter in every other ter-
minal. Moreover, since in every Steiner node enters exactly one edge, at least
two edges must come out. We then have that 2(n+ t− 2) ≥ 2t+3(n− t) and
so 3t− n− 4 ≥ 0.

The properties stated above represent the core of the heuristic we now
present. We generate all of the non-isomorphic connected undirected graphs
such that every node is of degree at least 2 and with exactly n+t−2 edges with
the command geng of nauty [97]. For every generated graph, we generate all
the non-isomorphic orientation of the edges, that can only be oriented in one
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Algorithm 2 Pure half-integer vertices search
1: procedure PHI(n, t)
2: G = {G = (V,E) | G connected, deg(i) ≥ 2 ∀i ∈ V, |V | = n, |E| =

n+ t− 2}
3: diG = ∅
4: for G = (V,E) ∈ G do
5: if |{i ∈ V | deg(i) = 2}| ≤ t then
6: add to diG every non-isomorphic orientation of G s.t.
7: · every edge can be oriented in only one way
8: · every node has a maximum indegree of 2
9: V = ∅

10: for diG = (V,A) ∈ diG do
11: if |{i ∈ V | indeg(i) = 0}| = 1 then
12: if |{i ∈ V | indeg(i) = 1}| = n− t then
13: if |{i ∈ V | indeg(i) = 2}| = t− 1 then
14: xij = 1/2 iff (i, j) ∈ A is a solution of PCM (n, t) with
15: · {r} = {i ∈ V | indeg(i) = 0}
16: · V \ T = {i ∈ V | indeg(i) = 1}
17: · T \ {r} = {i ∈ V | indeg(i) = 2}
18: if x is a feasible vertex of PCM (n, t) then
19: add x to V
20: return V

way because of Lemma 10, and such that every node has a maximum indegree
of 2 since we have Constraint (1.15d) and we are dealing with PHI solutions.
This generation of digraphs can be done with the command watercluster2
of nauty. The obtained digraph can be mapped into a spanning PHI vertex
of PCM (n, t) for every feasible case. In particular, we have to check that: (i)
There exist exactly n − t nodes with in-degree 1 (Steiner nodes); (ii) There
exists one node with in-degree 0 (root); (iii) There exist exactly t− 1 nodes of
in-degree 2 (terminals). We filter all the generated graphs for these properties
and then check if the remaining ones are vertices of PCM (n, t). This procedure
called PHI(n, t), is illustrated in Algorithm Algorithm 2.

Observation 8. Note how the PHI(n, t) can be generalized to vertex attaining
values in the set {0, 1/m} just by changing some values: the indegree of the
terminal nodes must now be m, as well as the outdegree of the root, while the
indegree of the Steiner nodes is again 1. This gives us a total number of edges
of n+ (m− 1)× t−m. In addition, every node has degree at least min(3,m);
if m > 3 the number of nodes with degree 3 is at most n− t; there must exist
one node of indegree 0, n− t nodes of indegree 1, and t− 1 nodes of indegree
m. In Section 1.5.3, the case of m = 4 is discussed in more details, with the
alfgorithm for this particular case being presented in Appendix A.c.

32



1.5 Computational results

In this section, we aim to generate vertices of the PCM polytope and, for any
vertex, evaluate the maximum integrality gap that can be attained at that
vertex. Recall that vertices of the PBCR polytope that are feasible for the CM
formulation are also vertices of the PCM polytope.

Specifically, our approach involves: (i) running the two proposed heuristics
for small values of n to produce vertices of PCM , (ii) computing the maximum
integrality gap associated with these vertices by solving the Gap problem, and
(iii) extending our analysis beyond purely half-integer vertices.

Implementation details All the tests are executed on a desktop computer
with a CPU 13th Gen Intel(R) Core(TM) i5-13600 and 16 GB of RAM. All
the functions have been implemented in Python. For the optimization tasks,
we use the commercial solver Gurobi 11.0 [63].

1.5.1 Lower bounds for the integrality gap for n ≤ 10

Our first set of algorithmic experiments aims at generating nontrivial vertices
of PCM having a large integrality gap. Table 1.2 and Table 1.3 present the
lower bounds on the integrality gap and the number of nonintegral vertices
we can compute with our two heuristics presented in Section 1.4. Recall that
the vertices computed by the OTC procedures are filtered by isomorphism in
post-processing. In the following paragraphs, we discuss the results for specific
values of the number of vertices, starting from n = 6. Recall that results for
n ≤ 5 are presented in Table 1.1: we computed every vertex with Polymake,
finding a maximum value of integrality gap equal to 1. Further details can be
found in Appendix A.a.

(n = 6) For n = 6, for any value of t ≤ 3 ≤ n − 1, the best lower bound we
compute is always equal to 1. We conjecture that for n = 6, the CM and the
BCR formulation have a gap equal to 1.

(n = 7) For n = 7, we compute four vertices attaining the gap of 10
9

with
the heuristic OTC; three of them belong to the same class of isomorphism.
Figure 1.2 shows those four vertices, where Figures Figure 1.2b, Figure 1.2c,
and Figure 1.2d show the three isomorphic graphs. Moreover, these vertices
are pure half-integer, e.g., xa ∈ {0, 1

2
}. Although the directed support graph is

the same for the four vertices, the arc orientation changes, and, in particular,
the node labeled as “root” is different. Note that the PHI heuristic can only
find two of the four vertices since it can find only one vertex for every class of
isomorphism of node-colored edge-weighted directed graphs. On the contrary,
the OTC heuristic may find more than one representative for the same class
of isomorphism.
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(a) First vertex. (b) Second vertex. (c) Third vertex. (d) Fourth vertex.

Figure 1.2: Fractional vertices of (7, 4), all with integrality gap 10/9. Hollow
circle: root; Circles: Terminals; Square: Steiner node. Note that the second,
third, and fourth vertex belong to the same class of isomorphism, while the
first one belongs to another class.

(a) First vertex. (b) Second vertex. (c) Third vertex. (d) Fourth vertex.

Figure 1.3: Fractional vertices of (8, 5), all with integrality gap 10/9. Hollow
circle: root. Circles: terminals. Squares: Steiner nodes.

(n = 8) The case n = 8 is more involved. The PHI does not find fractional
vertices for the cases t = 3, 4. While the OTC does not find fractional vertices
for t = 3, it finds again the vertices of (7, 4) since it does not only find spanning
vertices, as we already discussed. Both heuristics only find fractional vertices
of integrality gap 1 for the case t = 6. For t = 7, only the PHI heuristic finds
fractional vertices, all of them with an integrality gap of 1. The most inter-
esting case is t = 5: the maximum integrality gap is depicted in Figure 1.4a
while different values of integrality gap are depicted in Figure 1.4d and Fig-
ure 1.4e. Note that the maximum integrality gap of this case for the PHI
heuristic is 12/11, while the maximum integrality gap for the OTC heuristic
is again 10/9: some of the vertices attaining this value are depicted in Fig-
ure 1.3. Note also how these vertices can be obtained from vertices of (7, 4),
as explained in Observation 5.

(n = 9) For n = 9, we can only run the PHI heuristics, as the OTC heuristic
runs out of memory. Note how no vertices for the case t = 3, 4 are found,
accordingly to the second point of Lemma 11, while for the cases t = 7, 8 only
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Table 1.2: PHI versus OTC heuristic. The third and sixth columns report
the number of non-isomorphic vertices; the fourth and seventh columns report
the maximum value of the gap obtained for these vertices; the fifth and eighth
columns report the number of vertices attaining the maximum gap.

PHI OTC

n t # vert. max gap
# vert.

max. gap # vert. max gap
# vert.

max. gap

6 4 1 1 1 0 - -
5 7 1 7 0 - -

7
4 2 10/9 2 11 10/9 2
5 46 1 46 19 1 19
6 71 1 71 8 1 8

8

4 0 - - 19 10/9 2
5 89 12/11 15 195 10/9 14
6 1 070 1 1 070 239 1 239
7 758 1 758 0 - -

vertices of integrality gap 1 are found. The maximum values of the integrality
gap for t = 5, 6 are 10/9 and 14/13, as shown in Figure 1.4b and Figure 1.4c,
respectively. Different values of integrality gap are depicted in Figure 1.4.
Notice how all the non-trivial values of integrality gaps found for n ≤ 9 are of
the form 2m

2m−1
, with m = 5, 6, 7, 8, 9, 10, 11, 12.

(n ≥ 10) For n ≥ 10, even the PHI heuristic shows its limits. For t ∈
{8, 9}, the heuristic did not terminate within a timelit of 80 hours. The most
interesting case we face is t = 6, where we found a vertex with an integrality
gap of 19/18. In this case, the value is of the form 2m+1

2m
, in contrast to what

we found for n ≤ 9.
For n = 11 and n = 12, we show that the cases t ≤ 5 did not lead to

any feasible PHI vertex. Tests with larger values of t were computationally
currently untractable.

Note that no vertices with an integrality gap greater than 1 were found for
the case t = 3. The exactness for this case is discussed in [138, Section 2.7.1].

1.5.2 A comparison between the two proposed heuristics

In this subsection, we discuss an in-depth comparison between the PHI and
OTC heuristics. First, notice how neither of the two are exhaustive algorithms:
at least one vertex can be found by the OTC heuristic but not by the PHI
heuristic, and vice versa (see Figures Figure 1.3a and Observation 7). While
the PHI heuristic is tailored for vertices with particular values, and so with
a particular structure, the OTC is general enough to find different types of
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Table 1.3: Partial performances of the PHI heuristic for n ≥ 9.

n t # vert. max gap
# vert.

max. gap

9

5 64 10/9 12
6 4 389 14/13 200
7 21 121 1 21 121
8 8 987 1 8 987

10
5 15 10/9 7
6 7 386 10/9 73
7 155 120 16/15 2 653

vertices; moreover, it remains an open question whether the heuristic becomes
an exhaustive search by dropping the connectivity constraint.

Computationally, the OTC heuristic is highly demanding, even when lim-
ited to generating only connected graphs. For each generated graph, all pos-
sible assignments of the root, terminal nodes, and Steiner nodes must be con-
sidered, and an LP must be solved for every assignment. Moreover, there is
no guarantee that the solution to the LP will be fractional; in fact, it may
correspond to an equivalent integer solution. In addition, the OTC heuristic
does not ensure that the generated solutions are non-isomorphic, necessitating
a post-processing step to filter out isomorphic graphs based on node-colored
edge-weighted graph isomorphism. The algorithm does not even guarantee
finding spanning vertices. The PHI heuristic doesn’t generate isomorphic
graphs, and hence, every vertex generated belongs to a unique class of iso-
morphism. In addition, no LP needs to be solved since, given the orientation
of the arcs, the role of every node is uniquely determined. Lastly, note that in
the OTC heuristic, we have applied the extra bounds on the number of edges
n · t− t2 derived after a first set of computational experiments. Without this
hypothesis, OTC is untractable for n ≥ 8. Table 1.2 results are obtained with
this extra constraint. Note also that, even with the aforementioned bound on
the number of edges, OTC is untractable for n ≥ 9.

1.5.3 Beyond pure half-integer vertices

The computational results of the previous subsection show that the PHI heuris-
tic is better than OTC in finding interesting vertices of the CM polytope. In
addition, the PHI heuristic can be extended to enumerate all the vertices of
the type {0, 1/m}, m ∈ N≥3. For example, an interesting case is m = 4,
namely, when the vertices take value only in the set {0, 1/4}. Let us call these
vertices pure one-quarter (POQ) vertices. In this case, our heuristic would
work for each pair (n, t) as follows.

1. Generate all the non-isomorphic graphs having (i) every node of degree
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(a) (n, t) = (8, 5),
gap 12/11.

(b) (n, t) = (9, 5),
gap 10/9.

(c) (n, t) = (9, 6),
gap 14/13.

(d) (n, t) = (8, 5),
gap 14/13.

(e) (n, t) = (8, 5),
gap 18/17.

(f) (n, t) = (9, 6),
gap 16/15.

(g) (n, t) = (9, 6),
gap 20/19.

(h) (n, t) = (9, 6),
gap 22/21.

(i) (n, t) = (9, 6),
gap 24/23.

Figure 1.4: Fractional vertices of different gaps for different values of (n, t).
The first three vertices attain the maximum gap for their respective value of
(n, t).

at least equal to 3, and (ii) exactly n+ 3t− 4 arcs.

2. Filter the list of vertices computed at Step 1 by excluding all graphs with
more than n− t−1 nodes with degree 3. In POQ vertices, there are n− t
Steiner nodes that must have a minimum degree of 3, and the terminals
have a minimum degree of 4.

3. For each oriented graph, we use watercluster2 to get all possible orien-
tations of edges, assuming that the maximum indegree must be equal to
4.

4. We filter out the list obtained at Step 3 and keep only the directed graphs
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having (i) exactly one node with in-degree 0 (the root), (ii) exactly t− 1
nodes with in-degree 4, (iii) exactly n− t nodes with in-degree 1.

In [82], the authors show that the integrality gap of the BCR formulation
is at least 8

7
by exposing an instance leading to such a gap. The instance

has 15 nodes and 8 terminals. The optimal vertex is of POQ type, and it
originated from a personal communication between Martin Skutella and the
authors of [82]. This makes POQ vertices particularly relevant for our study.
Figure 1.1 shows Skutella’s graph. Note that solving the Gap function for the
CM formulation leads to a gap equal to 8

7
. Hence, the maximum integrality

gap for Skutella’s graph is exactly 8
7
.

We defined a modified version of the PHI algorithm to find POQ vertices
(for further details, see Appendix A.c), but we were not able to find any vertex
with the above properties before the computation became intractable, that is
n ≥ 8.

1.6 Conclusion and future works

In this paper, we have studied the metric STP on graphs, focusing on comput-
ing lower bounds for the integrality gap for the BCR and the CM formulations.
We introduced a novel ILP formulation, the Complete Metric (CM) model,
tailored for the complete metric Steiner tree problem. This formulation over-
comes the limitations of the BCR formulation in the metric case. For the CM
formulation, we prove several structural properties of the polytope associated
with its natural LP relaxation.

The core of our contribution presented in this paper is extending the Gap
problem introduced in [30] for the symmetric TSP, to the metric Steiner tree
problem. To speed up the search for suitable vertices, we designed two heuris-
tics. Our heuristics outperform the exact method obtained as a natural ex-
tension of [30] to the Steiner problem and can generate nontrivial vertices for
n up to 10. Note that exact methods got stuck already for n = 6.

We compare the performances of the two heuristics and their impact on
providing insights into the exact value of the integrality gap. Although we
cannot improve the bound of 10

9
with n ≤ 10, we find different structures of

vertices leading to non-trivial gaps. By directly exploring vertices similar to
those yielding the highest gaps for n > 10, we observed that these structures
cannot be present for small values of n. Hence, we conjecture that with n ≤ 10,
the highest gap is 10

9
.

We retain that our study raises several interesting research questions.
First, can an ad-hoc branching procedure be designed for the CM formula-
tion? Second, can we improve the OTC heuristic by reducing the number of
combinations we have to analyze without losing any of the outputs? Third,
can we prove any further characterization of the vertices that reduce the effort
for Polymake, similarly to what has been done in [14]? Lastly, can we enhance
the design and implementation of the POQ heuristic to explore whether new
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lower bounds for the integrality gap are achievable for this type of vertices in
higher dimensions?

We conclude this paper with two conjectures: First, we conjecture that
our OTC procedure, without the restriction on connectedness and the bound
on the number of edges, is exhaustive and, hence, every vertex of PCM (n, t)
can be obtained as an optimal solution of a {1, 2}-cost instance. Second, we
conjecture that every spanning vertex x of PCM (n, t) with xij ∈ {0, 1/m},
m ≥ 2, has an in-degree of 1 in every Steiner node, and hence our PHI is
exhaustive for every pure half-integer spanning vertex.
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2
NEURAL NETWORK TRAINING VIA MIXED INTE-
GER LINEAR PROGRAMMING

2.1 Introduction

State–of–the–art deep neural networks (NNs) contain a huge number of neu-
rons organized in many layers, and they require an immense amount of data
for training [85]. The training process is computationally demanding and is
typically performed by stochastic gradient descent algorithms running on large
GPU– or even TPU–based clusters. Whenever the trained (deep) neural net-
work contains many neurons, also the network deployment is computationally
demanding. However, in some real–life applications, extensive GPU–based
training might be infeasible, training data might be scarce with only a few
data points per class, or the hardware using the NN at inference time might
have a limited computational power, as for instance, whenever the NN is exe-
cuted on an industrial embedded system [27].

Binarized Neural Networks (BNNs) were introduced in [68] as a response
to the challenge of running NNs on low–power devices. BNNs contain only
binary weights and binary activation functions, and hence they can be im-
plemented using only efficient bit–wise operations. However, the training of
BNNs raises interesting challenges for gradient–based approaches due to their
combinatorial structure. In previous works [132], it is shown that the training
of a BNN can be performed by using combinatorial optimization solvers: a
hybrid constraint programming (CP) and mixed integer programming (MIP)
approach outperformed the stochastic gradient approach proposed by [68] if
restricted to a few–shot–learning context ([136]). The work [132] has been
furthered by a number of authors more recently, as we survey in the next
section.

Indeed, combinatorial approaches (principally MIP) for training neural
networks, both discrete and continuous, have been employed in the literature,
as demonstrated in subsequent works [107, 83]. MIP optimization has been
explored in the machine learning community, as in [88, 67, 146] for instance.
Various architectures and activation functions have been utilized in these stud-
ies. Solver–based training has the advantage that, in principle, the optimal
NN weights can be found for the training data and that network optimization
(e.g. pruning) or adversarial hardening can be performed.

The main challenge in training a NN by an exact MIP–based approach
is the limited amount of training data that can be used since, otherwise, the
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size of the optimization model explodes. In the recent work of [129], the
combinatorial training idea was further extended to Integer–valued Neural
Networks (INN). Exploiting the flexibility of MIP solvers, the authors were
able to (i) minimize the number of neurons during training and (ii) increase
the number of data points used during training by introducing a MIP batch
training method.

We remark that training a NN with a MIP–based approach is more chal-
lenging than solving a verification problem, as in [51, 3], even if the structure of
the nonlinear constraints modelling the activation functions is similar. In NNs
verification [77], the weights are given as input, while in MIP–based training,
the weights are the decision variables that must be computed.

We note several lines of work aiming at producing compact and simple NNs
that maintain acceptable accuracy, e.g. in terms of parameter pruning [119,
148, 35, 49], loss function improvement [127], gradient approximation [116]
and network topology structure [89].

In the context of MIP–based training and optimization of NNs, this work
proposes new methods to improve the training of BNNs and INNs. In sum-
mary, our contributions are (i) the formulation of a MILP model with a multi–
objective target that consists of already existing single–objective steps in a
lexicorgraphic order, (ii) the implementation of an ensemble of few–bits NNs
in which each of them is specialized in a specific classification task, (iii) the
proposal of a voting scheme inspired by One–Versus–One (OVO) strategy,
tailored specifically for the constructed ensemble of NNs. Our computational
results using the MNIST and the Fashion–MNIST dataset show that the BeMi
ensemble permits to use for training up to 40 data points per class, thanks to
the fact that the OVO strategy results in smaller MILPs, reaching an average
accuracy of 81.8% for MNIST and 70.7% for Fashion–MNIST. In addition,
thanks to the multi–objective function that minimizes the number of links,
i.e. the connections between different neurons, up to 75% of weights are set to
zero for MNIST, and up to 48% for Fashion–MNIST. We also perform addi-
tional experiments on the Heart Disease dataset, reaching an average accuracy
of 78.5%. A preliminary report of this work appeared at the LION’23 confer-
ence [17]. This work better motivates and situates our approach in the state of
the art, develops our ensemble approach for INNs (not only BNNs), presents
more extensive and improved empirical results, and analyses the distribution
of INN weights.

Outline. The remainder of this chapter is as follows. Section 2.2 situates
our work in the literature. Section 2.3 introduces the notation and defines
the problem of training a single INN with the existing MIP–based methods.
Section 2.4 presents the BeMi ensemble, the majority voting scheme, and the
improved MILP model to train a single INN. Section 2.5 presents the compu-
tational results on the MNIST, Fashion–MNIST and Heart Disease datasets.
Finally, Section 2.6 ends with a perspective on future work.
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2.2 Related Works

Recently, there has been a growing research interest in studying the impact of
machine learning on improving traditional operations research methods (e.g.
see [13] and [36]), in designing integrated predictive and modelling frame-
works, as in [15], or in embedding pre–trained machine learning model into
an optimization problem (e.g. see [91, 98, 133]). In this work, we take a dif-
ferent perspective, and we study how an exact MILP solver can be used for
training Machine Learning models, more specifically, to train (Binary or Inte-
ger) Neural Networks. In the following paragraphs, we first review two recent
applications to MILP solvers in the context of neural networks (i.e. weight
pruning and NN verification), and later, we review the few works that tackled
the challenge of training an NN using an exact solver.

MIP–based Neural Networks Pruning. Recent works have shown in-
teresting results on pruning a trained neural network using an optimization
approach based on the use of MIP solvers [119, 148, 35, 49, 58]. While pruning
a trained neural network, the weights are fixed, and the optimization variables
represent the decision to keep or remove an existing weight different from zero.

MIP–based Neural Networks Verification. Another successful appli-
cation of exact solvers in the context of Neural Networks is for tackling the
verification problem, that is, to verify under which conditions the accuracy of
a given trained neural network does not deteriorate. In other words, in NN
verification, the optimization problem consist in finding adversial examples
using a minimal distortion of the input data. The use of MIP solvers for this
application was pioneered in [131], and later studied in several papers, as for
instance, [131, 3, 28, 51, 130]. For a broader discussion of the use of poly-
hedral approach to verification, see Section 4 in [69]. In NN verification, the
weights of the NN are given as input, and the optimization problem consists
of assessing how much the input can change without compromising the output
of the network. Indeed, also verification is a different optimization problem
than the exact training the we discuss in the following sections.

Exact training of Neural Networks. The utilization of MIP approaches
for training neural networks has already been explored in the literature, pri-
marily in the context of few–shot learning and NNs with low–bit parame-
ters [132, 129]. One of the main advantages of these approaches is the ability
to simultaneously train and optimize the network architecture. While the
modelling that defines the structure of the neural network is rigid and heav-
ily relies on the discrete nature of the parameters, the choice of the objective
function provides more flexibility and allows for the optimization of various
network characteristics. For instance, it enables minimizing the number of
connections in a fixed architecture network, thereby promoting lightweight
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architectures.
From now on, by INN we indicate a general NN whose weights take value

in the set {−P, . . . , P}, where integer P ≥ 1. Notice this choice include the
special case of BNNs (P = 1). When referring to an INN with P > 1, we will
write non–trivial INN.

By incorporating the power of both CP and MIP, [132]’s study showcased
the effectiveness of leveraging combinatorial optimization methods for training
BNNs in a few–shot learning context. Two types of objective functions were
selected to drive the optimization process. The first objective function aimed
at promoting a lightweight architecture by minimizing the number of non–zero
weights. This objective sought to reduce the overall complexity of the neural
network, allowing for efficient computation and resource utilization. Note that
with this choice, pruning is not necessary: the possibility of setting a weight to
zero is equivalent to removing the corresponding weight (i.e. connection). In
contrast, the second objective function focused on enhancing the robustness
of the network, particularly in the face of potential noise in the input data.
Robustness here refers to the ability of the network to maintain stable and
reliable performance even when the input exhibits variations or disturbances.
[129]’s research extends [132]’s single–objective approach to the broader class
of Integer Neural Networks (INNs). In addition to leveraging the objectives of
architectural lightness and robustness, a novel objective aimed at maximizing
the number of correctly classified training data instances is introduced. It is
worth noting that this type of objective shares some similarities with the goals
pursued by gradient descent methods, albeit with a distinct formulation. An
interesting observation is that this objective formulation remains feasible in
practice, ensuring that a valid solution can be obtained. We remark that both
papers propose single–objective models that involve training a single neural
network to approximate a multi–classification function.

Ensembles of neural networks are well–known to yield more stable predic-
tions and demonstrate superior generalizability compared to single neural net-
work models [140]. In this work, we aim to redefine the concept of structured
ensemble by composing our ensemble of several networks, each specialized in
a distinct task. Given a classification task over k classes, the main idea is
to train k(k−1)

2
INNs, where every single network learns to discriminate only

between a given pair of classes. When a new data point (e.g. a new image)
must be classified, it is first fed into the k(k−1)

2
trained INNs, and later, using

a Condorcet–inspired majority voting scheme [147], the most frequent class is
predicted as output. This method is similar to and generalizes the Support
Vector Machine – One–Versus–One (SVM–OVO) approach [24], while it has
not yet been applied within the context of neural networks, to the best of our
knowledge.

For training every single INN, our approach extends the methods intro-
duced in [132] and [129], described above.
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2.3 Few–bit Neural Networks

In this section, we formally define a Binarized Neural Network (BNN) and an
Integer Neural Network (INN) using the notation as in [132] and [129], while,
in the next section, we show how to create a structured ensemble of INNs.

2.3.1 Binarized Neural Networks

The architecture of a BNN is defined by a set of layers N = {N0, N1, . . . , NL},
where Nl = {1, . . . , nl}, and nl is the number of neurons in the l–th layer.
Let the training set be X := {(x1, y1), . . . , (xt, yt)}, such that xi ∈ Rn0 and
yi ∈ {−1,+1}nL for every i ∈ T = {1, 2, . . . , t}. The first layer N0 corre-
sponds to the size of the input data points xk. Regarding nL, we make the
following consideration. For a classification problem with |I| classes, we set
nL := dlog[2]|I|e. For the case |I| = 2, therefore, nL will be equal to 1. This is
consistent with binary classification problems, as the two classes can be rep-
resented as +1 and −1. When |I| = 4, then nL will be equal to 2, and the
four classes will be represented by (+1,+1), (+1,−1), (−1,+1), and (−1,−1).
When |I| is a power of 2, the procedure generalizes in an obvious manner.
However, when the number of classes is not a power of 2, we still choose nL

as the nearest integer greater than or equal to the base–2 logarithm of that
number, with the caveat that a single network may opt not to classify. For
example, if |I| = 3, then nL = 2, and (+1,+1) will be associated with the
first class, (+1,−1) will be associated with the second class, (−1,+1) will be
associated with the third class, while (−1,−1) will be interpreted as ‘unclas-
sified’.

The link between neuron i in layer Nl−1 and neuron j in layer Nl is mod-
elled by weight wilj ∈ {−1, 0,+1}. Note that the binarized nature is encoded
in the ±1 weights, while when a weight is set to zero, the corresponding link
is removed from the network. Hence, during training, we are also optimizing
the architecture of the BNN.

The activation function is the binary function

ρ(x) := 2 · 1(x ≥ 0)− 1, (2.1)

that is, a sign function reshaped such that it takes ±1 values. Here the indica-
tor function 1(p) outputs +1 if proposition p is verified, and 0 otherwise. This
choice for the activation function has been made in line with the literature [68].

In this work, we aim to build different MILP models for the simultaneous
training and optimization of a network architecture. To model the activation
function (2.1) of the j–th neuron of layer Nl for data point xk, we introduce
a binary variable uk

lj ∈ {0, 1} for the indicator function 1(p). To re–scale the
value of uk

lj in {−1,+1} and model the activation function value, we introduce
the auxiliary variable zklj = (2uk

lj−1). For the first input layer, we set zk0j = xk
j ;

for the last layer, we account in the loss function whether zkLh is different from
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yk
h. The definition of the activation function becomes

zklj = ρ

 ∑
i∈Nl−1

zk(l−1)iwilj

 = 2 · 1

 ∑
i∈Nl−1

zk(l−1)iwilj ≥ 0

− 1 = 2uk
lj − 1.

Notice that the activation function at layer Nl gives a nonlinear combination
of the output of the neurons in the previous layer Nl−1 and the weights wilj

between the two layers. Section 2.4.1 shows how to formulate this activation
function in terms of mixed integer linear constraints. We remark that the
modelling we proposed has already been presented in the literature by [132].

The choice of a family of parameters W := {wilj}l∈{1,...,L},i∈Nl−1,j∈Nl

determines the function
fW : Rn0 → {±1}nL .

The training of a neural network is the process of computing the family
W such that fW classifies correctly both the given training data, that is,
fW (xi) = yi for i = 1, . . . , t, and new unlabelled testing data.

In the training of a BNN, we follow two machine learning principles for
generalization: robustness and simplicity [132]. In doing so, we target two
objectives: (i) the resulting function fW should generalize from the input data
and be robust to noise in the input data; (ii) the resulting network should be
simple, that is, with the smallest number of non–zero weights that permit to
achieve the best accuracy.

Regarding the robustness objective, there is argument that deep neural
networks have inherent robustness because mini–batch stochastic gradient–
based methods implicitly guide toward robust solutions [75, 76, 104]. However,
as shown in [132], this is false for BNNs in a few–shot learning regime. On
the contrary, MIP–based training with an appropriate objective function can
generalize very well [132, 129], but it does not apply to large training datasets,
because the size of the MIP training model is proportional to the size of the
training dataset.

One possible way to impose robustness in the context of few–shot learning
is to maximize the margins of the neurons, that is, fixing one neuron, we aim at
finding an ingoing weights configuration such that for every training input, the
entry of the activation function evaluated at that neuron is confidently far away
from the discontinuity point. Intuitively, neurons with larger margins require
larger changes to their inputs and weights before changing their activation
values. This choice is also motivated by recent works showing that margins
are good predictors for the generalization of deep convolutional NNs [73].

Regarding the simplicity objective, a significant parameter is the number
of connections [100]. The training algorithm should look for a NN fitting the
training data while minimizing the number of non–zero weights. This approach
can be interpreted as a simultaneous compression during training, and it has
been already explored in recent works [113, 120].
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MIP–based BNN training. In [132], two different MIP models are in-
troduced: the Max–Margin, which aims to train robust BNNs, and the Min–
Weight, which aims to train simple BNNs. These two models are combined
with a CP model into two hybrid methods HW and HA in order to obtain a
feasible solution within a fixed time limit. [132] employ CP because their
MIP models do not scale as the number of training data increases. We remark
that in that work, the two objectives, robustness and simplicity, are never
optimized simultaneously.

Gradient–based BNN training. In [68], a gradient descent–based method
is proposed, consisting of a local search that changes the weights to minimize
a square hinge loss function. Note that a BNN trained with this approach
only learns ±1 weights. An extension of this method that exploits the same
loss function but admits zero–value weights, called GDt, is proposed in [132],
to facilitate the comparison with the other approaches.

2.3.2 Integer Neural Networks

A more general discrete NN can be obtained when the weights of the network
lie in the set {−P,−P + 1, . . . ,−1, 0, 1, . . . , P − 1, P}, where P is a positive
integer. The resulting network is called INN, and by letting P = 1, we obtain
the BNN presented in the previous subsection. The activation function ρ
and the binary variables uk

lj are defined as above. The principles leading the
training are again simplicity and robustness.

An apparent advantage of using more general integer neural networks lies
in the fact that the parameters have increased flexibility while still maintaining
their discrete nature. Additionally, by appropriately selecting the parameter
P , one can determine the number of bits used for each parameter. For instance,
P = 1 corresponds to 1–bit, P = 3 corresponds to 2–bit, P = 8 corresponds
to 3–bit, and in general, P = 2n−1 corresponds to n–bit.

MIP–based INN training. In [129], three MIP models are proposed in
order to train INNs. The first model, Max–Correct, is based on the idea of
maximizing the number of corrected predicted images; the second model, Min–
Hinge, is inspired by the squared hinge loss (compare [68]); the last model, Sat–
Margin, combines aspects of both the first two models. These three models
always produce a feasible solution but use the margins only on the neurons of
the last level, obtaining, hence, less robust NNs.

Relations to Quantized Neural Networks. By using an exact MIP solver
for training Integer NNs, we are dealing directly with the problem of training
a quantized neural network, where all the weights are restricted to take values
over a small domain, as discussed above. For instance, as reviewed in [54],
there is a growing trend in training NNs using floating point numbers in low
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precision , that is, using only as few as 8 bits per weight (see for example [10]).
However, most of the work in the ML literature either focuses on the impact
of low–precision arithmetic on the computation of the (stochastic) gradient
and in the backpropagation algorithm or focuses on how to quantize a trained
NN by minimizing the deterioration in the accuracy. In our work, we take
a different perspective on quantization methods, since we do not rely on a
gradient–based method to train our INN, but we model and directly solve
the problem of training the NN using only a restricted number of integer
weights, which is called Integer–only Quantization in [54]. Moreover, by using
an exact MIP solver, we can directly find the optimal weights of our (small)
INN without running the risks to be trapped into a local minima as stochastic
gradient–based methods.

2.4 The BeMi ensemble

This section first introduces a multi–objective model that allows a simultane-
ous training and optimization for an INN (Section 2.4.1), and then proposes
a method for combining a set of neural networks for classification purposes
(Section 2.4.2).

2.4.1 A multi–objective MILP model for training INNs

For ease of notation, we denote with L := {1, . . . , L} the set of layers and with
L2 := {2, . . . , L}, LL−1 := {1, . . . , L − 1} two of its subsets. We also denote
with b := maxk∈T,j∈N0{|xk

j |} a bound on the values of the training data.

The multi–objective target. A few MIP models are proposed in the lit-
erature to train INNs efficiently. In this work, to train a single INN, we
use a lexicographic multi–objective function that results in the sequential so-
lution of three different state–of–the–art MIP models: the Sat–Margin (SM)
described in [129], the Max–Margin (MM), and the Min–Weight (MW), both de-
scribed in [132]. The first model SM maximizes the number of confidently
correctly predicted data. The other two models, MM and MW, aim to train a
INN following two principles: robustness and simplicity. Our model is based
on a lexicographic multi–objective function: first, we train a INN with the
model SM, which is fast to solve and always gives a feasible solution. Sec-
ond, we use this solution as a warm start for the MM model, training the INN
only with the images that SM correctly classified. Third, we fix the margins
found with MM, and minimize the number of active weights with MW, finding
the simplest INN with the robustness found by MM.

Problem variables. The critical part of our model is the formulation of
the nonlinear activation function (2.1). We use an integer variable wilj ∈
{−P,−P + 1, . . . , P} to represent the weight of the connection between neu-
ron i ∈ Nl−1 and neuron j ∈ Nl. Variable uk

lj models the result of the indicator
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function 1(p) that appears in the activation function ρ(·) for the training in-
stance xk. The neuron activation is actually defined as 2uk

lj −1. We introduce
auxiliary variables ckilj to represent the products ckilj = (2uk

lj − 1)wilj . Note
that, while in the first layer, these variables share the same domain of the
inputs, from the second layer on, they take values in {−P,−P + 1, . . . , P}.
Finally, the auxiliary variables ŷk represent a predicted label for the input
xk, and variable qkj are used to take into account the data points correctly
classified.

The procedure is designed such that the parameter configuration obtained
in the first step is used as a warm start for the (MM). Similarly, the solution of
the second step is used as a warm start for the solver to solve (MW). In this case,
the margins lose their nature as decision variables and become deterministic
constants derived from the solution of the previous step.

Sat–Margin (SM) model. We first train our INN using the following SM
model.
max

∑
k∈T

∑
j∈NL

qkj (2.2a)

s.t. qkj = 1 =⇒ ŷkj · ykj ≥
1

2
∀j ∈ NL, k ∈ T, (2.2b)

qkj = 0 =⇒ ŷkj · ykj ≤
1

2
− ϵ̂ ∀j ∈ NL, k ∈ T, (2.2c)

ŷkj =
2

P · (nL−1 + 1)

∑
i∈NL−1

ckiLj ∀j ∈ NL, k ∈ T, (2.2d)

uk
lj = 1 =⇒

∑
i∈Nl−1

ckilj ≥ 0 ∀l ∈ LL−1, j ∈ Nl, k ∈ T, (2.2e)

uk
lj = 0 =⇒

∑
i∈Nl−1

ckilj ≤ −ϵ ∀l ∈ LL−1, j ∈ Nl, k ∈ T, (2.2f)

cki1j = xk
i · wi1j ∀i ∈ N0, j ∈ N1, k ∈ T, (2.2g)

ckilj = (2uk
(l−1)j − 1)wilj ∀l ∈ L2, i ∈ Nl−1, j ∈ Nl, k ∈ T, (2.2h)

qkj ∈ {0, 1} ∀j ∈ NL, k ∈ T, (2.2i)
wilj ∈ {−P,−P + 1, . . . , P} ∀l ∈ L, i ∈ Nl−1, j ∈ Nl, (2.2j)

uk
lj ∈ {0, 1} ∀l ∈ LL−1, j ∈ Nl, k ∈ T, (2.2k)

cki1j ∈ [−P · b, P · b] ∀i ∈ N0, j ∈ N1, k ∈ T, (2.2l)

ckilj ∈ {−P,−P + 1, . . . , P} ∀l ∈ L2, i ∈ Nl−1, j ∈ Nl, k ∈ T, (2.2m)

with ε̂ := ϵ
2P ·(nL−1+1)

. The objective function (2.2a) maximizes the number
of data points that are correctly classified. Note that ε is a small quantity
standardly used to model strict inequalities. The implication constraints (2.2b)
and (2.2c) and constraints (2.2d) are used to link the output ŷk

j with the
corresponding variable qkj appearing in the objective function. The implication
constraints (2.2e) and (2.2f) model the result of the indicator function for the
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k–th input data. The constraints (2.2g) and the bilinear constraints (2.2h)
propagate the results of the activation functions within the neural network.
We linearize all these constraints with standard big–M techniques [143].

The solution of model (2.2a)–(2.2m) gives us the solution vectors cSM, uSM,
wSM, ŷSM, qSM. We then define the set

T̂ = {k ∈ T | qkj SM = 1, ∀j ∈ NL}, (2.3)

of confidently correctly predicted images. We use these images as input for
the next Max–Margin MM, and we use the vector of variables cSM,uSM,wSM to
warm start the solution of MM.

Max–Margin (MM) model. The second level of our lexicographic multi–
objective model maximizes the overall margins of every single neuron activa-
tion, with the ultimate goal of training a robust INN. Starting from the model
SM, we introduce the margin variables mlj , and we introduce the following
Max–Margin model.

max
∑
l∈L

∑
j∈Nl

mlj (2.4a)

s.t. (2.2g)–(2.2m) ∀k ∈ T̂ ,∑
i∈NL−1

ykj c
k
iLj ≥ mLj ∀j ∈ NL, k ∈ T̂ , (2.4b)

uk
lj = 1 =⇒

∑
i∈Nl−1

ckilj ≥ mlj ∀l ∈ LL−1, j ∈ Nl, k ∈ T̂ , (2.4c)

uk
lj = 0 =⇒

∑
i∈Nl−1

ckilj ≤ −mlj ∀l ∈ LL−1, j ∈ Nl, k ∈ T̂ , (2.4d)

mlj ≥ ϵ ∀l ∈ L, j ∈ Nl. (2.4e)

Again, we can linearize constraints (2.4c) and (2.4d) with standard big–M
constraints. This model gives us the solution vectors cMM,uMM,wMM,mMM. We
then evaluate vMM as

viljMM =

{
0 when wiljMM = 0,

1 otherwise,
∀l ∈ L, i ∈ Nl−1, j ∈ Nl. (2.5)

Min–Weight (MW) model. The third level of our multi–objective func-
tion minimizes the overall number of non–zero weights, that is, the connec-
tions of the trained INN. We introduce the new auxiliary binary variable vilj
to model the presence or absence of the link wilj . Starting from the solution
of model MM, we fix m̂ = mMM, and we pass the solution cMM,uMM,wMM,vMM as a
warm start to the following MW model:

min
∑
l∈L

∑
i∈Nl−1

∑
j∈Nl

vilj (2.6a)

s.t. (2.2g)–(2.2m) ∀k ∈ T̂ ,
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∑
i∈NL−1

ykj c
k
iLj ≥ m̂Lj ∀j ∈ NL, k ∈ T̂ , (2.6b)

uk
lj = 1 =⇒

∑
i∈Nl−1

ckilj ≥ m̂lj ∀l ∈ LL−1, j ∈ Nl, k ∈ T̂ , (2.6c)

uk
lj = 0 =⇒

∑
i∈Nl−1

ckilj ≤ −m̂lj ∀l ∈ LL−1, j ∈ Nl, k ∈ T̂ , (2.6d)

− vilj · P ≤ wilj ≤ vilj · P ∀l ∈ L, i ∈ Nl−1, j ∈ Nl, (2.6e)
vilj ∈ {0, 1} ∀l ∈ L, i ∈ Nl−1, j ∈ Nl. (2.6f)

Note that whenever vilj is equal to zero, the corresponding weight wilj is set
to zero due to constraint (2.6e), and, hence, the corresponding link can be
removed from the network.

Lexicographic multi–objective. By solving the three models SM, MM, and
MW, sequentially, we first maximize the number of input data that is correctly
classified, then we maximize the margin of every activation function, and fi-
nally, we minimize the number of non–zero weights. The solution of the de-
cision variables wilj of the last model MW defines our classification function
fW : Rn0 → {±1}nL .

2.4.2 The BeMi structure

Having explained the various MIP models of INNs, we next introduce our
ensemble approach for MIP–based training of INNs.

Ensemble. Define P := {{i, j} s.t. i 6= j, i, j ∈ I} as the set of all the
subsets of the set I that have cardinality 2, where I is the set of the classes
of the classification problem. Then our structured ensemble is constructed in
the following way.

1. We train a INN denoted by Nij for every {i, j} ∈ P, i.e. for each possible
pair of elements of I.

2. When testing a data point, we feed it to our list of trained INNs obtaining
a list of predicted labels, namely we obtain the predicted label eij from
the network Nij .

3. We then apply a majority voting system.

The idea behind this structured ensemble is that, given an input xk labelled
l (= yk), the input is fed into

(
n
2

)
networks where n − 1 of them are trained

to recognize an input with label l. If all of the networks correctly classify the
input xk as l, then at most n − 2 other networks can classify the input with
a different label l′ 6= l, and so the input is correctly labelled with the most
occurring label l. With this approach, if we plan to use r ∈ N inputs for each
label, we are feeding each of our INNs a total of 2 · r inputs instead of feeding
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n · r inputs to a single large INN. Clearly, when training the networks Nij and
the network Nik, the inputs of the class i are the same, so we only need a
total of r inputs for each class. When n � 2, it is much easier to train our
structured ensemble of INNs rather than training one large INN because of
the fact that the MILP model size depends linearly on the number of input
data.

Majority voting system. After the training, we feed one input xk to our
list of INNs, and we need to elaborate on the set of outputs.

Definition 3 (Dominant label). For every b ∈ I, we define

Cb = {{i, j} ∈ P | eij = b},

and we say that a label b is a dominant label if |Cb| ≥ |Cl| for every l ∈ I. We
then define the set of dominant labels

D := {b ∈ I | b is a dominant label}.

Using this definition, we can have three possible outcomes.

(a) There exists a label i ∈ I such that D = {i} =⇒ our input is labelled
as i.

(b) There exist j, k ∈ I such that D = {j, k} =⇒ our input is labelled as
ejk.

(c) There exist more than two dominant labels =⇒ our input is not clas-
sified.

While case (a) is straightforward, we can label our input even when we do not
have a clear winner, that is, when we have trained a INN on the set of labels
that are the most frequent (i.e. case (b)). Note that the proposed structured
ensemble alongside its voting scheme can also be exploited for regular NNs.

Definition 4 (Label statuses). In our labelling system, when testing an in-
put, seven different cases (herein called label statuses) can arise. The statuses
names are of the form ‘number of the dominant labels + fairness of the pre-
diction’. The first parameter can be 1, 2, or o, where o means ‘other cases’.
The fairness of the prediction is C when it is correct, or I when it is incorrect.
The superscripts related to I ′ and I ′′ only distinguish between different cases.
These cases are described through the following tree diagram
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(n
2

)
networks vote

there is exactly
one dominant

label i

i is correct
(1C)

i is incorrect
(1I)

there are exactly
two dominant
labels j and k

ejk
votes for j

j is correct
(2C)

k was the
correct one

(2I′)

neither of the two
is correct
(2I′′)

there are more than
two dominant

labels

one of them
is correct

(oI′)

none of them
is correct
(oI′′)

where the status name is also reported.

The cases in which the classification algorithm classifies correctly are there-
fore only (1C) and (2C). Note that every input test will fall into exactly one
label status.

Example 2. Let us take I = {bird, cat, dog, frog}. Note that, in this case,
we have to train

(
4
2

)
= 6 networks:

N{bird, cat}, N{bird, dog}, N{bird, frog}, N{cat, dog}, N{cat, frog}, N{dog, frog},

the first one distinguishes between bird and cat, the second one between bird
and dog, and so on. A first input could have the following predicted labels:

e{bird, cat} = bird, e{bird, dog} = bird, e{bird, frog} = frog,

e{cat, dog} = cat, e{cat, frog} = cat, e{dog, frog} = dog.

We would then have

Cbird = {{bird, cat}, {bird, dog}}, Ccat = {{cat, dog}, {cat, frog}},
Cdog = {{dog, frog}}, Cfrog = {{bird, frog}}.

In this case D = {bird, cat} because |Cbird| = |Ccat| = 2 > 1 = |Cdog| =
|Cfrog| and we do not have a clear winner, but since |D| = 2, we have trained
a network that distinguishes between the two most voted labels, and so we use
its output as our final predicted label, labelling our input as e{bird, cat} = bird.
If bird is the right label we are in label status (2C), if the correct label is cat,
we are in label status (2I ′). Else we are in label status (2I ′′).
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Example 3. Let us take I = {0, 1, . . . , 9}. Note that, in this case, we have
to train

(
10
2

)
= 45 networks and that |Cb| ≤ 9 for all b ∈ I. Hence, an input

could be labelled as follows:

C0 = ({0, i})i=1,2,3,5,7,8 , C1 = ({1, i})i=5,6 , C2 = ({2, i})i=1,5,8 ,

C3 = ({3, i})i=1,2,4,5 , C4 = ({4, i})i=0,1,2,5,6,7,9 , C5 = ({5, i})i=6,7 ,

C6 = ({6, i})i=0,2,3,7 , C7 = ({7, i})i=1,2,3 ,

C8 = ({8, i})i=1,3,4,5,6,7 , C9 = ({9, i})i=0,1,2,3,5,6,7,8 .

Visually, we can represent an input being labelled as above with the following
scheme:

input

N{0,1}

N{0,2}

...

N{8,9}

e{0,1}

e{0,2}

...

e{8,9} C0 C1 C2 C3 C4 C5 C6 C7 C8 C9

where we have omitted the name of each element of the set Ci for simplicity:
for example, the dots above C1 represent the sets {1, 5}, {1, 6}. Since D = {9},
our input is labelled as 9. If 9 is the right label, we are in label status (1C), if it
is the wrong one, we are in label status (1I). If instead Ĉj = Cj , j = 0, . . . , 7,
and

Ĉ8 = ({8, i})i=1,3,4,5,6,7,9 , Ĉ9 = ({9, i})i=0,1,2,3,5,6,7 ,

then |D̂| = |{4, 8, 9}| = 3, so that our input was labelled as −1. If the correct
label is 4, 8 or 9, we are in label status (mI ′), else we are in label status (mI ′′).
Lastly, if C̄j = Cj , j ∈ {0, 1, 2, 4, 5, 6, 7, 8}, and

C̄3 = ({3, i})i=1,2,4,5,9 , C̄9 = ({9, i})i=0,1,2,5,6,7,8,

then |D̄| = |{4, 9}| = 2 and since {4, 9} ∈ C̄4 our input is labelled as 4. If 4 is
the correct label, we are in label status (2C), if 9 is the correct label, we are
in label status (2I ′), else we are in label status (2I ′′). Note that, for brevity,
in this example we used the notation ({j, i})i=i1,...,in = {{j, i1}, . . . , {j, in}},
j, i1, . . . , in ∈ {0, . . . , 9}.

2.5 Empirical Study

Having introduced the BeMi approach, we now undertake a series of six ex-
periments in order to explore the following questions:
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Dataset classes Input
Dimension Values Training

Set
Test
Set

MNIST 10 28× 28 Integers 60 000 10 000
Fashion–MNIST 10 28× 28 Integers 60 000 10 000

Heart Disease 2 13 Continuous 920− x x

Table 2.1: Details of the different datasets exploited in the experiments.

- Experiment 1: What is the impact of a three–fold multi–objective
model compared to a two–fold or single objective model? (Recall Sec-
tion 2.4.)

- Experiment 2: How does the BeMi ensemble compare with the pre-
vious state–of–the–art MIP models for training BNNs in the context of
few–shot learning?

- Experiment 3: How does the BeMi ensemble scale with the number of
training images, considering two different types of BNNs?

- Experiment 4: How does the BeMi ensemble perform on various
datasets, comparing the running time, the average gap to the optimal
training MILP model, and the percentage of links removed?

- Experiment 5: What are the performance differences between a non–
trivial INN and a BNN? Do INN exhibit particular weights distribution
characteristics? A state–of–the–art comparison is also provided.

- Experiment 6: How does the BeMi ensemble perform on a continuous,
low–dimension dataset, comparing BNNs and non–trivial INNs? Do INN
exhibit the same weights distribution characteristics found in Experiment
5?

Datasets. Three datasets are adopted for the experiments. We use first
the standard MNIST dataset [86] for a fair comparison with the literature,
and second the larger Fashion–MNIST dataset [144]. For these two MNIST
datasets, we test our results on 800 images for each class in order to have the
same amount of test data for every class. Note that the MNIST dataset has
10 000 test data but they are not uniformly distributed over the 10 classes. For
each experiment, we report the average over five different samples of images,
i.e. we perform five different trainings and we report the average over them,
while testing the same images. The images are sampled uniformly at random
in order to avoid overlapping between different experiments. Beyond MNIST,
we use the Heart Disease dataset [71] from the UCI repository. Table 2.1
summarizes the datasets.
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Implementation details. As for the solver, we use Gurobi 10.0.1 [63] to
solve our MILP models. The solver parameters are left to the default values
if not specified otherwise. Apart from the first experiment, where we chose
to consider every model equally, the fraction of time given to each step of
the multi–objective model has been chosen accordingly to the importance of
finding a feasible and robust solution. All the MILP experiments were run on
an HPC cluster running CentOS, using a single node per experiment. Each
node has an Intel CPU with 8 physical cores working at 2.1 GHz, and 16 GB
of RAM. In all of our experiments concerning integer–value datasets, we fix
the value ε = 0.1. Notice that, because of the integer nature of the weights, of
the image of the activation function, and of the data, setting ε equal to any
number smaller than 1 is equivalent. When using continuous–value datasets,
we fix the value ε = 1 · 10−6 in accordance with the default variable precision
tolerance of the Gurobi MILP solver we will use. The source code is available
on GitHub [18].

Time limit management. Concerning the time limits for the different op-
timization models, the following choices have been made. In Experiment 1
and 6, the time limit is equally distributed between the three models to have
a fair comparison. In Experiment 2, 3, 4, and 5, the majority of the imposed
time limit was given to the first two models. The first model ensures feasi-
bility of the whole pipeline and maximises the number of correctly classified
images in the training phase, and it was considered important in the context of
few–shot learning, since we do not have lots of images as training inputs. The
second model was given a bigger time limit too because preliminary results,
also shown in previous works, highlight the fact that the maximization of the
margin ensures a better test accuracy with respect to the minimization of the
links. In addition to this, the overall time limits have been chosen based on
two criteria. Where comparisons with the literature are made, the selection
ensures a fair comparison. In the remaining cases, the choice of time limit has
been empirical, aiming to highlight the algorithm’s quality.

2.5.1 Experiment 1

The goal of the first experiment is to study the impact of the multi–objective
model composed by SM, MM and MW with respect to the models composed by SM
and MM, the one composed by by SM and MW, and only SM, respectively.

The results refer to a BNN specialised in distinguishing between digits 4
and 9 of the MNIST dataset. These two digits were chosen because their
written form can be quite similar. Indeed, among all ten digits, 4 and 9 are
very often mistaken for each other, as it is shown in the confusion matrix
in Appendix B.

The NN architecture consists of two hidden layers and has [784, 4, 4, 1]
neurons. The architecture is chosen to mimic the one used in [132], that is
[784, 16, 16, 10], but with fewer neurons. The number of training images varies
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Figure 2.1: The SM+MM+MW achieve the same accuracy of the SM+MM model,
outperforming the SM model, while having the smallest percentage of non–zero
weights, a part from the SM+MW model, which has an almost–zero percentage
of non–zero weights, but also a lower accuracy of the models that maximize
the margins. The dotted lines represent the average accuracy obtained over
5 instances, while the shaded areas highlight the range between the minimum
and maximum values.

between 2, 6 and 10, while the test images are 800 per digit, so 1600 in total.
The imposed time limit is 30 minutes, equally distributed in the steps of each
model: 30 minutes for the SM, 15 + 15 for the SM+MW, 15 + 15 for the SM+MM,
and 10 + 10 + 10 for SM+MM+MW.

Figure 2.1a compares the test accuracy of the four hierarchical models,
showing how the MM model ensures an increase in accuracy, while the MW allows
the network to be pruned without performance being affected. Figure 2.1b dis-
plays the percentages of non–zero weights of the three trained models. Note
that in this case the training accuracy is always 100% and so we did not add
it to the plot. Also, dotted lines represent the average accuracy obtained over
5 instances, while the shaded areas highlight the range between the minimum
and maximum values. This will be the case for every other plot if not spec-
ified otherwise. The MW step allows the number of non–zero weights to drop
without accuracy being affected, hence resulting in an effective pruning. This
behaviour is also observed for other couples of digits, even the ones that are
easier to distinguish, namely, 1 and 8. Results of this experiment are reported
in Appendix B.

Based on these reasons, for the remaining experiments, we will exclusively
employ the model that incorporates all three steps.
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Figure 2.2: Comparison of published approaches vs BeMi, in terms of accuracy
over the MNIST dataset using few–shot learning with 2, 6, and 10 images per
digit.

2.5.2 Experiment 2

The goal of the second experiment is to compare the BeMi ensemble with the
following state–of–the–art methods: the pure MIP model in [132]; the hybrid
CP–MIP model based on Max–Margin optimization (HA) [132]; the gradient–
based method GDt introduced in [68] and adapted in [132] to deal with link
removal; and the Min–hinge (MH) model proposed in [129]. For the comparison,
we fix the setting of [132], which takes from the MNIST up to 10 images for
each class, for a total of 100 training data points, and which uses a time limit
of 7 200 seconds to solve their MIP training models.

In our experiments, we train the BeMi ensemble with 2, 6 and 10 samples
for each digit. Since our ensemble has 45 BNNs, we leave for the training
of each single BNN a maximum of 160 seconds (since 160 · 45 = 7 200). In
particular, we give a 75 seconds time limit to the solution of SM, 75 seconds to
MM, and 10 seconds to MW. In all of our experiments, whenever the optimum is
reached within the time limit, the remaining time is added to the time limit
of the subsequent model. We remark that our networks could be trained in
parallel, which would highly reduce the wall–clock runtime. For the sake the
completeness, we note that we are using 45 · (784 · 4 + 4 · 4 + 4 · 1) = 142 020
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parameters (all the weights of all the 45 BNNs) instead of the 784 ·16+16 ·16+
16 · 10 = 12 960 parameters used in [132] for a single large BNN. Note that,
in this case, the dimension of the parameter space is 312 960(∼= 106 183), while,
in our case, it is 45 · 33 156(∼= 101 507). In the first case, the solver has to find
an optimal solution between all the 106 183 different parameter configurations,
while with the BeMi ensemble, the solver has to find 45 optimal solutions,
each of which lives in a set of cardinality 101 507. This significantly improves
the solver performances. We remark that a parameter configuration is given
by a weight assignment Ŵ = (ŵijl)ijl since every other variable is uniquely
determined by Ŵ .

Figure 2.2 compares the results of our BeMi ensemble with the four other
methods presented above. Note that the pure MIP model in [132] can handle a
single image per class in the given time limit, and so only one point is reported,
and note also that for the minimum hinge model MH presented in [129] only
the experiment with 10 digits per class was performed. We report the best
results reported in the original papers for these four methods.

The BeMi ensemble obtains an average accuracy of 68%, outperforms all
other approaches when 2, 6 or 10 digits per class are used. Note that our
method attains 100% accuracy on the training set, that is, the SM model cor-
rectly classifies all the images. In this case, the first model is not needed to
ensure feasibility, but it serves mainly as a warm start for the MM model.

2.5.3 Experiment 3

The goal of the third experiment is to study how our approach scales with the
number of data points (i.e. images) per class, and how it is affected by the
architecture of the small BNNs within the BeMi ensemble. For the number of
data points per class, we use 10, 20, 30, 40 training images per digit. We use
the layers Na = [784, 4, 4, 1] and Nb = [784, 10, 3, 1] for the two architectures.
While the first architecture is chosen as to be consistent with the previous
experiments, the second one can be described as an integer approximation of
[N, log2 N, log2(log2 N), log2(log2(log2 N))]. Herein, we refer to Experiments
3a and 3b as the two subsets of experiments related to the architectures Na

and Nb. In both cases, we train each of our 45 BNNs with a time limit of 290s
for model SM, 290s for MM, and 20s for MW, for a total of 600s (i.e. 10 minutes
for each BNN).

Figure 2.3a shows the results for Experiments 3a and 3b: the dotted and
dashed lines refer to the two average accuracies of the two architectures, while
the coloured areas include all the accuracy values obtained as the training
instances vary. The two architectures behave similarly and the best average
accuracy exceeds 81%.

Table 2.2 reports the results for the BeMi ensemble where we distinguish
among images classified as correct, wrong, or unclassified. These three con-
ditions refer to different label statuses specified in Definition 4: the correct
labels are the sum of the statuses (1C) and (2C); the wrong labels of statuses
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Figure 2.3: Average accuracy for the BeMi ensemble tested on two architec-
tures, namely Na = [784, 4, 4, 1] and Nb = [784, 10, 3, 1], using 10, 20, 30, 40
images per class.

Table 2.2: Percentages of MNIST images classified as correct, wrong, or un-
classified (n.l.) for the architecture Na = [784, 4, 4, 1]. The unclassified images
are less than 2.31%.

Images Classification (%)
per class correct wrong n.l.

10 70.12 27.65 2.23
20 75.37 22.32 2.31
30 80.90 17.46 1.64
40 81.66 16.68 1.66

(2I ′), (2I ′′), and (1I); the unclassified labels (n.l.) of (oI ′) and (oI ′′). Notice
that the vast majority of the test images have only one dominant label, and so
falls into statuses (1C) or (1I). The unclassified images are less than 2.31%.
These results are reported in Table 2.3.

2.5.4 Experiment 4

The goal of the fourth experiment is to revisit the questions of Experiments 3a
and 3b with the two architectures Na and Nb, using the more challenging
Fashion–MNIST dataset.

Figure 2.3b shows the results of Experiments 3a and 3b. As in Figure 2.2,
the dotted and dashed lines represent the average percentages of correctly
classified images, while the coloured areas include all accuracy values obtained
as the instances vary. For the Fashion–MNIST, the best average accuracy
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Table 2.3: Percentages label statuses of MNIST images for the architecture
Na = [784, 4, 4, 1]. The vast majority of the test images have only one domi-
nant label, and so falls into statuses (1C) or (1I).

Images Label status (%)
per class (1C) (1I) (2C) (2I′) (2I′′) (oI′) (oI′′)

10 68.43 24.53 1.69 1.21 1.91 1.88 0.35
20 73.79 19.33 1.58 1.39 1.60 2.02 0.29
30 79.64 15.01 1.26 1.25 1.20 1.46 0.18
40 80.34 14.36 1.32 1.09 1.23 1.45 0.21

Table 2.4: Aggregate results for Experiments 2 and 3: the 4–th column reports
the runtime to solve the first model SM; Gap (%) refers to the mean and
maximum percentage gap at the second MILP model MM; Links (%) is the
percentage of non–zero weights after the solution of models MM and MW.

Dataset Layers Images SM Gap (%) Links (%)
per class time (s) mean max (MM) (MW)

MNIST

784,4,4,1
10 3.00 12.06 20.70 49.13 29.21
20 6.47 14.81 22.18 54.70 28.41
30 10.60 16.04 24.08 56.44 30.46
40 15.04 15.98 26.22 57.92 29.27

784,10,3,1
10 6.04 4.52 7.37 49.28 24.72
20 15.01 5.46 8.40 54.97 24.40
30 22.68 5.92 11.00 56.73 26.96
40 33.97 6.21 20.87 58.29 24.66

F-MNIST

784,4,4,1
10 4.83 13.34 26.48 87.75 58.76
20 9.77 14.05 28.91 90.73 59.97
30 36.10 19.95 136.33 92.41 58.12
40 72.15 30.36 333.70 93.57 59.46

784,10,3,1
10 11.42 4.87 9.14 87.90 51.57
20 21.46 5.11 9.86 91.05 52.29
30 35.12 6.30 40.07 92.78 52.62
40 52.37 8.99 56.14 94.01 53.38

exceeds 70%.
Table 2.4 reports detailed results for all Experiments 2 and 3. The first two

columns give the dataset and the architecture, the third column specifies the
number of images per digit used during training. The 4–th column reports the
runtime for solving model SM. Note that the time limit is 290 seconds; hence,
we solve exactly the first model, consistently achieving a training accuracy
of 100%. The remaining four columns give: Gap (%) refers to the mean and
maximum percentage gap at the second MILP model (MM) of our lexicographic
multi–objective model, as reported by the Gurobi MIPgap attribute; Links (%)
is the percentage of non–zero weights after the solution of the second model
MM, and after the solution of the last model MW. The results show that the

61



2 6 10 20 30 40
45%

55%

65%

75%

85%

95%

Training Images per Digit

Te
st

A
cc

ur
ac

y

wilj ∈ {−1, 0, 1}
wilj ∈ {−3, . . . , 3}
wilj ∈ {−7, . . . , 7}

wilj ∈ {−15, . . . , 15}

Figure 2.4: Comparison of accuracy for different values of P . Note how using
an exponentially larger research space, namely, using values of P greater than
1, does not improve the accuracy.

runtime and the gap increase with the size of the input set. However, for the
percentage of removed links, there is a significant difference between the two
datasets: for MNIST, our third model MW removes around 70% of the links,
while for the Fashion–MNIST, it removes around 50% of the links. Note that in
both cases, these significant reductions show how our model is also optimizing
the BNN architecture. Furthermore, note that even if the accuracy of the two
architectures is comparable, the total number of non–zero weights of Na is
about half the number of non–zero weights of Nb.

2.5.5 Experiment 5

The goal of the fifth experiment is to compare the performances of BNNs
and non–trivial INNs. The results refer to five different runs of an INN of
architecture [784, 4, 4, 1] specialised in distinguishing between digits 4 and 9 of
the MNIST dataset. The number of training images varies between 2, 6, 10,
20, 30, and 40, while the test images are 800 per digit, so 1600 in total. The
imposed time limit is 290s + 290s + 20s.

As Figure 2.4 shows, different INNs are comparable not only in the aver-
age accuracy, represented by the dotted lines, but also in the maximum and
minimum accuracy, reported by the shaded areas.

In order to study why different values of P lead to comparable accuracy,
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Table 2.5: Weights distributions of the INNs whose accuracy is depicted in
Figure 2.4. The column w = −P indicates the percentage of weights that
are equal to −P , and so on. The networks have different values but similar
extremal weights distributions, where less than 2% of the weights attain a
value that is not P , −P , or zero, indicated as others.

P
Images

per class w = −P w = 0 w = P others

1

2 4.06 73.66 22.28 -
6 4.75 73.70 21.55 -

10 5.15 74.02 20.83 -
20 7.12 61.31 31.57 -
30 6.21 74.89 18.90 -
40 13.16 64.98 21.86 -

3

2 3.86 75.91 20.15 0.08
6 4.60 73.46 21.63 0.31

10 6.25 73.50 19.72 0.53
20 12.48 69.58 17.19 0.75
30 13.06 74.00 11.89 1.05
40 13.99 65.51 19.31 1.19

7

2 3.90 75.89 20.10 0.11
6 4.46 73.40 21.76 0.38

10 8.82 68.00 22.60 0.58
20 12.46 65.56 21.06 0.92
30 14.99 73.82 9.95 1.24
40 18.05 70.90 9.40 1.65

15

2 3.69 75.89 20.30 0.12
6 4.68 73.31 21.64 0.37

10 5.53 73.28 20.61 0.58
20 7.43 69.34 22.19 1.04
30 13.76 67.64 17.23 1.37
40 17.34 70.86 10.13 1.67

we report the weights distributions of the INNs whose accuracy is depicted
in Figure 2.4. Table 2.5 highlights not only the role of the MW model but
also the extreme–valued nature of the distributions. In fact, it can be seen
that apart from the percentage of weights set to zero, the vast majority of
the remaining weights have a value of either P or −P , with less than 1.67%
of the weights attaining one of the other intermediate values. We remark
that this type of phenomenon is recurrent in the literature under the name
of magnitude pruning, see [64, 101, 25]. In our setting, such a phenomenon
occurs spontaneously.

2.5.6 Experiment 6

The goal of the sixth experiment is to study the impact of the multi–objective
model and the weight distributions over a different dataset, namely the Heart
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Table 2.6: Average accuracy and weight distribution for the Heart Disease
dataset. The column Average accuracy depicts the average percentage of cor-
rectly classified test data. The column w = −P indicates the percentage of
weights that are equal to −P , and so on. For each value of P , the best result
in terms of accuracy with respect to the model is written in bold. Notice
that in the majority of the cases, the multi–objective function performs better
than the single–objective one. Notice also that even if the percentage of the
non–zero and non–extremal weights, indicated as others, is higher than the
one obtained with the MNIST dataset, the distribution is still not uniform.

Models P
Average
accuracy w = −P w = 0 w = P others

SM

1 74.00 35.43 45.14 19.43 -
3 75.00 21.43 27.43 16.57 34.57
7 77.00 27.43 14.86 16.86 40.85
15 77.00 18.86 11.71 12.86 56.57

SM+ MM

1 75.00 14.57 18.29 67.14 -
3 75.50 10.57 13.43 63.14 12.86
7 73.50 12.29 9.43 52.57 25.71
15 78.50 11.71 5.71 46.86 35.72

SM+ MM+ MW

1 75.50 9.43 27.43 63.14 -
3 76.00 5.43 25.43 57.43 11.71
7 73.50 7.43 18.57 49.71 24.29
15 78.50 8.57 13.43 45.71 32.29

Disease Dataset by [71].
Table 2.6 reports the average accuracy and weights distributions of this

experiment. The average was performed over 5 instances, and for each instance
200 data samples were used, where 80% was used for the training and 20% was
used for the test. All the networks have the same architecture, namely [13, 5, 1],
and each network’s imposed time limit is 60 minutes, equally distributed in
the steps of each model: 60 minutes for the SM, 30 + 30 for the SM+MM, and
20 + 20 + 20 for SM+MM+MW.

2.6 Conclusion and Future Work

This work introduced the BeMi ensemble, a structured architecture of INNs for
classification tasks. Each network specializes in distinguishing between pairs
of classes and combines different approaches already existing in the literature
to preserve feasibility while being robust and simple. These features and the
nature of the parameters are critical to enabling neural networks to run on
low–power devices. In particular, binarized NNs can be implemented using
Boolean operations and do not need GPUs to run.

The output of the BeMi ensemble is chosen by a majority voting system
that generalizes the one–versus–one scheme. Notice that the BeMi ensemble
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is a general architecture that could be employed using other types of neural
networks.

An interesting conclusion from our computational experiments is a coun-
terintuitive result: that the greater flexibility in the search space of INNs does
not necessarily result in better classification accuracy compared to BNNs. We
find it noteworthy that our computational evidence supports the idea that
simpler BNNs are either superior or equal to INNs in terms of accuracy.

A current limitation of our approach is the strong dependence on the ran-
domly sampled data used for training. In future work, we plan to improve the
training data selection by using a k–medoids approach, dividing all images of
the same class into disjoint non–empty subsets and consider their centroids as
training data. This approach should mitigate the dependency on the sampled
training data points.

Second, we also plan to better investigate the scalability of our method
with respect to the number of classes of the classification problem training
fewer BNNs, namely, one for every J ∈ Q ⊂ P, with |Q| � |P|. Besides
the datasets we exploited, in future, we intend to investigate datasets more
appropriate for the task of few–shot learning [32].

Third, another possible future research direction is to exploit the gen-
eralisation of our ensemble, allowing to have networks which distinguishes
between m classes instead of 2, where the total number of classes of the prob-
lem is n � m. Note that the definitions of this generalization are presented
in Appendix B.

Fourth, an interesting future research direction regards stochastic/robust
optimization and scenario generation, in the following sense. In the case of
the MNIST/FashionMNIST for example, the images can be seen as samples of
many unknown probability distributions, one for each class: if one would like
to train a neural network with a MIP, using few images, the selection of these
samples with which the training is performed is crucial, and so the study of
this problem from a stochastic point of view could lead to interesting results.
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3
STOCHASTIC OPTIMIZATION: SCHEDULING OF
INPATIENT AND OUTPATIENT SURGERIES

3.1 Introduction

With the advancement of surgery and anesthesiology in recent years, surgical
clinical pathways have changed significantly, with an increase in outpatient
surgeries [110]. While inpatients are admitted to the hospital by planning an
overnight and a certain Length-of-Stay (LoS) in the ward, outpatients require
low-complexity surgery and have a state of health that allows them to be
discharged within a few hours, except for complications. Although the main
difference between inpatient and outpatient care lies in the duration of the
stay after the end of the surgery, this two classes of patients have also differ-
ent characteristics in terms of variability, resources, and needs. For instance,
while inpatients have a higher uncertainty in the surgery duration due to the
average more complex procedures, outpatients register a higher rate of late
cancellations or no-shows. Consequently, in operational contexts dealing with
both types of patients by sharing the same Operating Rooms (ORs), these dif-
ferences should be considered to ensure an adequate outcome and throughput
when the surgical schedule is determined.

The surgical scheduling problem is defined as the ensemble of decisions
about surgical procedures to be executed in the operating theater, the re-
source allocation for their execution, and their sequencing within a certain
planning horizon [96]. This problem lies at the lowest of three decision levels
that can be identified in the whole decision process concerning OR planning
and scheduling. At the strategic level, a case mix (i.e. a set of specialties) is
defined and a pool of ORs is assigned to it. Then, the tactical level concerns
the planning of the OR blocks, which is the decision about which ORs have
to be opened in the days of the planning horizon, and the definition of a Mas-
ter Surgery Schedule (MSS) that assigns OR blocks to specialties. Finally,
the schedule of the surgeries and their actual execution are managed at the
operational level. A recent literature review of the OR Planning & Schedul-
ing [65] highlighted the high number of aspects to be considered at the three
decision levels, showing an increasing complexity of the modeling in terms of
considered decision problems in the studies published in the last years.

From an elective patient perspective [122, 128], a MSS is given as input and
the surgical scheduling is solved by addressing two main subproblems, namely
the advance scheduling and the allocation scheduling. Under the adoption of
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the common block-scheduling strategy, which is the most common setting of
the real-world operating theaters [11], the advance scheduling consists of an
assignment procedure, in which patients are selected from the waiting list and
assigned to the OR blocks of the planning horizon. In dealing with the assign-
ment procedure, several aspects should be taken into consideration, such as the
urgency of the patient from a clinical point of view, the time already spent on
the waiting list, and the resources required for the surgery execution compared
to those available. The most critical resource in both management and expen-
diture senses is operating time: given a limited OR capacity, surgeries have
to be scheduled in accordance with their Estimated Operating Time (EOT),
that is a duration estimated by a physician in accordance with the surgery pro-
cedure that has to be performed. At the same time, decision-makers should
consider that uncertainty factors could lead to a different realization of the
surgical procedures with respect to the planned one. Common practices to al-
leviate the negative effects of uncertainty are to reserve slack times that make
the schedule more robust [115, 135, 137] or to create tailored mixes of patients
scheduled in the same OR blocks [2, 141].

The allocation scheduling includes a sequencing procedure and a timing
procedure: in the former the order in which the surgeries have to be executed
is decided, while the latter determines a start time for each surgery, that is
the moment from which the patient will be available to be operated on. The
timing procedure includes the management of possible slack time, which can
be distributed between subsequent surgeries and/or allocated at the end of
the OR block to deal with the negative impact of uncertainty.

Addressing the three procedures, multiple criteria can be defined to de-
termine the optimal global schedule. From a patient-centered point of view,
important objectives to be minimized are (i) the scheduling costs related to
patient urgency and indirect waiting times (days spent on the waiting list)
expressed as a penalty when their surgery is not assigned to any OR block,
(ii) the direct waiting time costs as a function of the time elapsed between
the planned and the actual start times, and (iii) the cancellation costs con-
sisting of penalties for surgery cancelled for reasons that do not depend on
the patients. As claimed by Wang et al. [142], studies focusing on inpatient
and outpatient settings give different importance to these objectives. While
the indirect waiting time is more relevant for inpatients, the direct waiting
time has a greater interest in outpatients. In addition, a cancellation of an
inpatient surgery would have a negative impact on the occupation of resources
in the related ward due to the possible growth of the LoS. From an efficiency
perspective, two further important objectives to be minimized are (iv) the idle
time, in order to avoid wasting resources and the consequent lengthening of
the waiting list, and (v) the overtime, which allows the hospital to contain ex-
tra costs. Since the OR Planning & Scheduling literature stressed the strong
trade-off among all objectives [4, 7, 37, 117, 135, 142, 149], a challenging task
for the decision maker is to find a good balancing.
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Furthermore, we can identify three factors of uncertainty of paramount im-
portance: (a) the deviation between the EOT and the actual surgery duration,
called Real Operating Time (ROT), (b) the possible insertion of emergency
patients within the planned OR blocks, and (c) the patients’ no-show. To the
best of our knowledge, the surgical scheduling problem has never been solved
under objectives (i)–(v) and three uncertainty factors (a)–(c) simultaneously.

In this work, we present a stochastic optimization approach to investigate
the potential of chance-constrained and stochastic programming to efficiently
exploit the ORs and to guarantee the management of heterogeneous groups
of patients, that is patients with different characteristics (e.g. ROT distri-
bution, no-show rate) and needs (scheduling, waiting time, and cancellation
costs). Although no-shows are unpredictable, the rationale behind the choice
of considering this factor of uncertainty is that such a phenomenon drastically
impacts on idle time, and we guess it could be balanced with (or relieved
by) other uncertainty components, such as the arrival of emergency patients
or surgery duration longer than the expectation. Another contribution of our
study is the development of a flexible decision support tool that can be adopted
by practitioners from different operative contexts. According to [142], a deeper
investigation should be made about the simultaneous optimization of: the in-
patient and outpatient patient flows, characterized by different characteristics
(e.g. predictability of the ROT, no-show rates, and costs); the direct and
indirect waiting times of outpatients; elective and non-elective patient flow
considering patients’ no-shows. All these research questions can be addressed
through a flexible optimization approach as the one proposed in this work.

The contribution of this work is three-fold. Firstly, from a modeling point
of view, we formalize the advance scheduling problem through a new Chance-
Constrained Integer Programming (CCIP) model and the allocation scheduling
problem through a two-stage Stochastic Mixed Integer Programming (SMIP)
model under objectives (i)–(v) and uncertainty factors (a)–(c). Secondly, from
a methodological point of view, we propose two new alternative heuristics for
the allocation scheduling to the standard Monte Carlo sampling: a SMIP-
based approach and a genetic algorithm with a custom encoding. Lastly,
we provide a computational analysis that shows the effectiveness of both ap-
proaches depending on the instance size, and we analyze and discuss obtained
results, providing the reader with managerial insights concerning inpatients
and outpatients scheduling.

The chapter is organized as follows. Section 3.2 reports the state of art
about the surgical scheduling problem that consider at least two of the three
mentioned decision procedures. In Section 3.3, we present the problem state-
ment and the two-phase stochastic optimization framework. In Section 3.4,
we propose two novel mathematical programming models for the advance and
allocation scheduling. In Section 3.5 we present solution approaches based on
Monte Carlo sampling and a metaheuristic to solve the two models. After
presenting the experimental setup in Section 3.6, the proposed approaches are
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analyzed in Section 3.7 and used to provide general insights for operational
contexts in which inpatients and outpatients are scheduled within the same
operating theater. In Section 3.8, we draw conclusions and further research
directions.

3.2 Literature review

Under deterministic settings, several approaches can be found in the liter-
ature considering assignment, sequencing, and timing procedures simultane-
ously. Roshanaei et al. [114] propose a method based on a branch-and-check
decomposition to deal with strategical decisions, tactical decisions, and all
three operational procedures simultaneously, maximizing the OR utilization
and proposing the consideration of stochasticity as a future research direction.
Jebali et al. [72] present a two-step approach to deal with the assignment
procedure and the sequencing procedure, also considering pre-operative and
post-operative resources, with the purpose of optimizing idle time, overtime,
and direct waiting time. Marques et al. [95] introduce a genetic algorithm to
find a near-optimal solution of the assignment procedure and the sequencing
procedure, deciding at the same time the assignment of ORs to specialties, in
order to maximize OR utilization and number of scheduled patients.

The inclusion of stochasticity in the decision problem increases its com-
plexity. To the best of our knowledge, no work optimizes all three procedures
of the surgery scheduling problem in a unified approach. We can identify
two main categories of prior articles that take into account two procedures
among the assignment procedure, the sequencing procedure, and the timing
procedure. The first category concerns studies dealing only with the alloca-
tion scheduling, by considering the assignment of patients to OR blocks as
an input to optimize both the sequence and the starting times of the surg-
eries [39, 43, 87, 93, 145]. The main objective of papers belonging to this
category are the minimization of direct waiting times and the minimization
of costs related to overtime and the occupation of the medical staff. Several
works take into account constraints about the allocation of physical or human
resources for activities concerning anesthesia [39] and post-surgery [87]. The
second category includes works considering both the advance scheduling and
the allocation scheduling, focusing only on the sequencing of the surgeries,
without optimizing the starting times. Generally, from a computational com-
plexity perspective, this requires a higher effort because the combination of
assignment with sequencing considerably widens the search space. For this
reason, we assume that the coordination of pre-operative and post-operative
activities can be done ex post without limiting the admissible solutions.

In Table 3.1 we summarize the papers that lie in this last category, as well
as our work, to provide a comparison and to highlight the novelties of this
work.

A first stream of works addresses the problem with approaches based on
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stochastic programming. Batun et al. [11] propose a two-stage SMIP model for
the assignment procedure and the sequencing procedure, which are addressed
jointly with the number of OR blocks to be used, adopting a pooling strategy
for a flexible assignment of the OR blocks. The physician-patient assignment
is taken into account, the considered aspect of uncertainty is the surgery du-
ration, and only facility-centered objectives are defined, that is overtime, idle
time, and OR financial costs. The authors claim that the L-shaped method
fails for realistic instances and they present several structural properties of
the SMIP model that lead to computational advantages. Landa et al. [84]
introduce a two-stage CCIP model, where the assignment procedure is solved
at the first stage by defining the OR utilization as objective and by fixing a
maximum probability of needing overtime in each OR block, then the sequenc-
ing procedure and the overtime allocation are performed by the second stage
model by minimizing the number of cancellations. Because of the computa-
tional complexity of the two stochastic optimization problems, the authors
provide a two-phase metaheuristic based on neighborhood search and Monte
Carlo simulation.

Another stream of research combine Discrete Event Simulation (DES) with
deterministic optimization and/or online optimization approaches. Testi et
al. [128] address the assignment procedure and the sequencing procedure in
the last two phases of their three-phase optimization approach, based on an
Integer Linear Programming (ILP) model and three greedy heuristics, respec-
tively. After providing a solution for the MSS and the assignment procedure,
a DES model is used to analyze the impact of three simple heuristics for the
timing procedure, observing indices such as throughput, overtime, idle time,
and bed utilization. DES is also proposed by Duma et al. [45] for evaluat-
ing the impact of a deterministic metaheuristic for the assignment procedure,
when it is used jointly with several sequencing policies and online optimiza-
tion algorithms. Such an approach focuses on the problem of monitoring the
actual execution of the surgery, which requires making real-time decisions to
deal with the uncertainty of surgery durations and the consequent dynamicity
of the operating theater. The authors compare different configurations of their
approach with respect to several performance measures, such as the fraction of
patients operated within the time limit, throughput, idle time, overtime, and
cancellations. The authors provide a more general analysis in [46] by proposing
online algorithms for the insertion of emergency patients within the operating
theater and by evaluating the impact of operating them in dedicated, flexible,
or hybrid ORs. Both the advance scheduling and the allocation scheduling are
also considered by Wang et al. [141], which propose a DES model to analyze
the impact of two alternative policies when dealing with inpatients having
different levels of surgery duration variability, that is the pooling of surgeries
with more or less predictable ROTs or the partitioning of the ORs to be as-
signed to different groups of patients. The arrival of emergency patients to
be operated on within a short time limit has been considered, as well as the
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impact of the proposed policies on multiple criteria. The authors conclude
that partitioning patient into two groups reduces the indirect waiting time
of elective patients and increases the OR utilization, at the cost of a slight
worsening of the cancellation rate and the emergency patients’ waiting time.
A recent work by Agrawal et al. [2] is placed outside this classification, as it
combines the sequencing procedure and the timing procedure with the deci-
sion of assigning surgeries to OR blocks. Although this decision falls within
the assignment procedure, it does not include the selection of patients within
the waiting list since it is given as input. The authors formulate the problem
with a SMIP model with an objective function that includes penalties for idle
time and direct waiting time, and with the surgery duration as a factor of
uncertainty. Due to its complexity, the problem is addressed with heuristic
approaches for the patient-OR assignment and the sequencing procedure based
on a prioritization that depends on the standard deviation of the ROTs, then
they use a Monte Carlo simulation for the timing procedure.

In general, most of the prior studies formulate the advance and/or alloca-
tion scheduling with stochastic or robust optimization models. While stochas-
tic optimization is more indicated when the probability distribution used to
model the uncertainty is known and reliable, robust optimization is suggested
when true distributions are not available. In order to deal with conservative
solutions provided by robust optimization, distributionally robust optimiza-
tion models are proposed in [121], providing robust patient scheduling over
an ambiguity set built on little information about the surgical durations, such
as mean and variance. We remark that distributionally robust optimization
is recommended when dealing with poor historical data or with rare surgical
procedures. However, with the rise of healthcare data accessibility in the last
decade, it is possible to incorporate surgical time variability into OR schedul-
ing effectively (e.g. see [9]). Thus, we assume that sufficient information is
available to define the surgery duration distribution of the surgical procedures
under consideration. Firstly, approximation methods based on Monte Carlo
sampling [92] is proposed to solve the CCIP model for the advance schedul-
ing and the SMIP model for the allocation scheduling. When solving the
latter with the Monte Carlo sampling, that is the Sample Average Approx-
imation (SAA), computational complexity issues arise when the number of
patients scheduled within the same OR block increases. Therefore, we pro-
pose two heuristic approaches for solving the allocation scheduling. The first
is called N -fold SAA and consists of computing the SAA over a partition of
the sample into N folds. The second is a genetic algorithm, which is a suc-
cessful methodology in stochastic combinatorial optimization problems arising
in various contexts [21, 57], for which we introduce by introducing a custom
encoding and a fitness function computed through a Monte Carlo simulation.
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3.3 Problem statement

Let us consider a set of specialties S and a MSS fixed at the tactical level. This
means that we have a set J of ORs are assigned to the specialties s ∈ S over
a certain set of days K, which is the planning horizon (e.g. K = {1, 2, 3, 4, 5}
for a workweek). Then, the set of all the OR blocks B ⊆ J × K under
consideration can be partitioned in |S| subsets Bs assigned to the different
specialties s ∈ S. OR blocks are indicated with an ordered pair (j, k) ∈ Bs,
where j is the identifier of an OR assigned to the specialty s on the k-th day of
the planning horizon. From the starting time of an OR block in Bs, the block
has an ordinary duration Ljk to operate on patients. Let W be the set of all
elective patients to be scheduled, namely the waiting list, then W =

⋃
sS

Ws,
where Ws is the set of elective patient of the specialty s. For every specialty s,
we have to select a subset of surgeries in Ws and assign them to a specialty’s
OR block. OR blocks can use additional time with respect to the planned
ending, that is a limited overtime is available with a certain economic cost.

For each patient i ∈ W = ∪s∈SWs, some information is known and should
be taken into account when the OR schedule is defined: the surgical procedure
group, the EOT µi, the scheduling cost cschedi (e.g. the ratio of the waiting
time over the maximum time before treatment [46, 134]), the waiting time
cost cwait

i (per minute), and the cancellation cost ccanc
i . During the definition

of the surgical schedule, the decision maker can take into account several
estimators about stochastic aspects concerning the surgery of the patient i,
such as the mean (i.e. approximately the average duration of their surgical
procedure [106]) and the standard deviation σi, and the probability of no-
show ri, that is the no-show rate of previous patients of the same specialty or
a general group that could be mined from historical data.

For each specialty s and for each OR block (j, k) ∈ Bs, the surgical schedul-
ing defines:

Advance scheduling: the set Ijk ⊆ Ws of scheduled patients (assignment
procedure);

Allocation scheduling: the sequence in which the patients i ∈ Ijk are sched-
uled within the OR block (sequencing procedure), and the scheduled
start time of each patient i ∈ Ijk (timing procedure).

In this study, we deal with the advance scheduling and the allocation
scheduling in two phases, that is pertaining to common practice. In fact,
the former is set a few days before the planning horizon, while the latter is
decided day-by-day since cancellations and postponed surgeries could disrupt
the schedule [5, 142]. For instance, this is the case of patients with comorbidi-
ties [125] or non-elective patients that arrive during the week and need to be
operated on within a few days (called add-on or work-in cases [135]).

We first solve the advance scheduling problem by introducing parameters
in order to provide different solutions in terms of robustness and patient mixes.
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Such solutions will depend on patients’ characteristics, such as their surgery
duration distribution and different types of costs. Then, we solve the allocation
scheduling for each of them, by providing the best overall solution.

Before presenting the stochastic programming models, we make some as-
sumptions regarding hospital policies and patient characteristics.

Emergency patients. We assume that the number of daily emergency pa-
tients can not be greater than the number of the OR blocks. This allows
us to reasonably assume that for every block only one emergency pa-
tient surgery can take place, in such a way to ensure a fair unplanned
workload balancing. We observe that when this assumption does not
correspond to reality, that is when the emergency patient flow increases,
dedicated ORs or hybrid policies are recommended by prior studies [46,
135]. Emergency patients’ arrival times are modeled through indepen-
dent and identically distributed (i.i.d.) random variables (r.v.s) with
uniform distribution on the OR block opening hours, that is a Poisson
process. As soon as an emergency patient arrives, every OR can be as-
signed to them with the same probability regardless of the specialty: we
randomly generate such an assignment since it could depend on exoge-
nous factors to decision making. Then, the surgery of the emergency
patient will take place as soon as possible: immediately if the assigned
room is available, when the current surgery has ended otherwise. Such
an insertion rule is often required for non-elective patients classified as
trauma or emergency [135].

Surgical teams, beds and other resources. We assume that ORs are the
patient flow’s bottleneck in the considered operative context, then we
assume that surgical teams, stay beds, post-anesthesia care units, and
other resources are always available when needed. We also assume that
each OR block has dedicated resources during its execution.

Real-time policies. We consider an operative context in which patients are
always operated on according to the OR and the sequence determined
by the assignment procedure and the sequencing procedure. We assume
that the actual surgery start time can not be anticipated and no-shows
are known only at the moment of the scheduled time. In addition to
the ordinary duration Ljk of the OR blocks, a fixed maximum amount
of overtime H can be performed. Finally, patients are operated on if
and only if the estimated surgery completion time does not exceed the
maximum overtime available, otherwise the surgery is postponed to the
next planning horizon [46, 84].

3.4 Mathematical models

We propose a two-phase stochastic optimization approach, presenting for both
the advance scheduling and the allocation scheduling a stochastic programming
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Figure 3.1: Stochastic optimization framework based on the CCIP model A
and the SMIP model B. The robustness parameter α and the patient mix
parameter β are ranged and the global surgery schedule that minimize the
overall objective function Z is selected.

formulation , as shown in Figure 3.1. Given an instance of the surgical schedul-
ing problem, the proposed framework consists of two stochastic programming
models in sequence:

1. A CCIP model A(α,β) provides the solution of the assignment proce-
dure for a certain configuration of model parameters: α defines the level
of robustness with respect to the probability of cancellations, while com-
ponents of parameter vector β define the weights of different criteria for
patient mixes within the OR blocks;

2. A SMIP model B uses the previous solution(s) as an input to provide a
solution for both the sequencing procedure and the timing procedure.

Although the decomposition of the surgical scheduling into two phases
is often performed in literature and real-world, this division could lead to
a suboptimal solution of the overall surgical scheduling problem. However,
solving the assignment procedure and the sequencing procedure simultaneously
is computationally complex [11, 84, 95], and it would not lead to finding a good
quality overall solution within a reasonable running time.

In solving the assignment procedure, one of the most important objectives
is the minimization of the patients’ waiting times with respect to their urgency
class [42, 128, 149], that is minimizing scheduling costs of non-scheduled pa-
tients. Other common objectives in literature are the minimization of idle
time and overtime. However, the inherent uncertainty of the operating the-
ater usually leads to significant differences between the planned schedule and
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the realized one, especially when flexible policies are used to insert emergency
patients within the ORs [46]. By consequence, while the total scheduling cost
can be deterministically computed during the advance scheduling, the other
costs (cancellation, waiting, idle time, and overtime) are affected by decisions
taken during the allocation scheduling and uncertainty. Therefore, in the
proposed framework, we first generate a set of advance schedules in which
scheduling costs are minimized by varying the model parameters α and β. In
the second phase, each of them is taken in input by the SMIP model B to
compute the optimal allocation schedule with respect to the other four costs,
which depends on random variables.

We observe that since we assumed that specialties do not share resources,
the problem defined by the CCIP model A(α,β) is divided into |S| independent
CCIP models As(α,β), that is one for each specialty s ∈ S. Similarly, the
problem defined by the SMIP B can be decomposed into |B| independent
SMIP models Bjk, that is one for each OR block (j, k) ∈ B. In the end,
the best overall solution is determined, that is the surgery schedule with the
minimum sum of the objective functions of the CCIP models As(α,β) and the
corresponding SMIP models Bjk, is selected.

3.4.1 Random variables

Before introducing the two models, we now define the random vector ξ =
[ρ, δ, τ ,θ], and the scenario ω ∈ Ω, where Ω is the sample space. Each scenario
consists of the realizations of all the following r.v.s., which are independent
when not differently specified.

ROT. For each patient i ∈ I, their ROT ρi(ω) has a lognormal distribution
of mean µi and standard deviation σi.

Emergency surgery duration. For each OR block (j, k) ∈ B, the surgery
duration δjk of the emergency patient assigned to (j, k) is generated ac-
cording to a lognormal distribution of mean µem and standard deviation
σem with probability pem ∈ [0, 1], and is equal to 0 with probability
1− pem (i.e. no emergency patient is assigned to that OR block).

Emergency arrival time. For each OR block (j, k) ∈ B, the emergency ar-
rival time τjk(ω) has uniform distribution in [0, Ljk] (if such a surgery
exists, otherwise τjk(ω) = 0) and represents the instant from the be-
ginning of the OR block in which the emergency patient arrives. Since
we generate such an arrival time independently for each OR, then the
overall emergency arrivals within the whole operating theater consist of
a Poisson process with rate λem = pem · |J | patients per day, that is the
interarrival time of emergency patients has an exponential distribution
with mean 1/λem over the overall duration of the OR blocks.

No-show. For each scheduled patient i ∈ I = ∪BIjk, the r.v. θi(ω) has
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Bernoulli distribution of parameter 1− ri ∈ [0, 1], that is

θi(ω) =

{
1 if in scenario ω patient i is available to be operated on,
0 otherwise (no-show).

.

We remark that all these r.v.s are all realized after the decisions taken at
the allocation level, that is no r.v. realizes between advance scheduling and
allocation scheduling.

A summary of the notation introduced in the problem statement and in
the rest of this section is reported in Tables 3.2 and 3.3.

3.4.2 Advance scheduling: Chance Constrained Integer Programming model

We present the CCIP model for the advance scheduling, that is the assignment
procedure. The main modeling aspects of this model are: (i) a chance con-
straint that sets a minimum level of robustness with respect to cancellations,
and (ii) a hierarchical objective function in which three proxies are defined for
patient mixes with respect to three different criteria.

The chance constraint is defined by estimating the probability of cancella-
tion under a simplifying assumption, that is the absence of slack time in the
actual OR block execution. The value of the model parameter α ∈ (0, 1) indi-
cates that the surgeries assigned to the same OR block must have a probability
of exceeding the maximum overtime lower than α. In other words, if α = 0.1
a probability of at least 90% of not having any cancellations is required.

By varying the parameter α, we expect to have an impact on the set I of
scheduled patients, as a consequence of having more or less possible feasible
solutions. Contrariwise, the vector parameter β is designed to define a crite-
rion to set a preference in patient mixes, that is the characteristics (surgery
duration and costs) of patients assigned to the same OR block.

To this aim, we present a hierarchical objective function where the total
scheduling cost is at the upper level and a linear combination of three proxies
is at the bottom level. The proxies are defined through the following variables:

Γc: maximum sum of cancellation costs associated to patient within the same
OR block;

Γw: maximum sum of waiting costs associated to patient within the same OR
block;

Γt: sum of differences between the estimated average OR utilization and the
estimated OR utilization of all OR blocks (both expressed in minutes).

The first two proxies (Γc and Γw) are introduced to balance the sum of the
cancellation and waiting costs among the OR blocks of the same specialty, re-
spectively. The rationale is that advance schedules with all (or many) patients
with high cancellation or waiting costs lead to poor allocation schedules. In
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Table 3.2: Notation, part one.

Sets and indices
B set of all OR blocks
Bs set of all OR blocks assigned by the MSS at specialty s

i, i′, î elective patients (or their surgery)
I set of all scheduled patients after the advance scheduling

Ijk
set of patients scheduled in the OR
block (j, k) after the advance scheduling

j OR
J set of all ORs
k working day
K set of days of the planning horizon
s specialty
S set of all specialties
W set of all elective patients in the waiting list
Ws set of elective patients in the waiting list of specialty s

ω scenario
Ω sample space

Parameters
b1, b2, b3 hierarchy and standardization coefficients

ccanc
i , cschedi , cwait

i
cancellation cost, scheduling cost, and
waiting cost of patient i

cg , ch idle time and overtime costs (both per minute)
cschedi scheduling cost of patient i

cwait
i direct waiting time cost (per minute) of patient i

H maximum overtime per OR block
Ljk ordinary duration of the OR block (j, k)

ms
maximum number of patients that can be
inserted within the same OR block Bs

M,Mii′ big-M

pem
probability of the insertion of an emergency
patient in each OR block

ri probability of no-show of patient i

α
robustness parameter, i.e. approximated
probability of cancellation

β = β1, β2, β3 proxy weight parameters

µi (µem) expected surgery duration of elective
patient i (emergency patient)

σi (σem) standard deviation of surgery duration of
elective patient i (emergency patient)

fact, in this undesired case, some of those surgeries will be inevitably sequenced
at the end of the OR blocks with high costs. The third proxy (Γt) is designed
to balance the estimated OR utilization between OR blocks, promoting lower
idle time and overtime costs.
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Table 3.3: Notation, part two.

R.v.s
δjk

actual surgery duration of emergency patient
in OR block (j, k)

θi
patient presence (1 if available in the operating
theater, 0 for no-show)

ξ random vector including all r.v.s
ρi actual surgery duration of elective patient i

τjk
arrival time of the emergency patient
in OR block (j, k)

Decision variables
ai direct waiting time of patient i

ci(ĉi)
completion time of surgery i without (by) considering
the emergency surgery

C
completion time of the last executed surgery
of the OR block

ei
1 if the emergency surgery is subsequent to
surgery i, 0 otherwise

gjk idle time in OR block (j, k)

hjk overtime in OR block (j, k)

oii′
1 if surgery i′ is subsequent to surgery i in the same
OR block, 0 otherwise

qi(q̂i)
start time of surgery i without (by) considering
the emergency surgery

ti scheduled start time of surgery i

ū estimated average OR utilization among all OR blocks
ujk estimated OR utilization of OR blocks (j, k)

ti scheduled start time of surgery i

xijk 1 if patient i is scheduled in OR block (j, k), 0 otherwise

yi
1 if the surgery i is cancelled due to insufficient residual
time, 0 otherwise

zi
idle time between surgery i and emergency surgery if
subsequent, 0 otherwise

Γc,Γw,Γt patient mix proxies

Let us introduce the decision variables

xijk =

{
1 if the patient i ∈ Ws is scheduled into the OR block (j, k) ∈ Bs,

0 otherwise.

The CCIP model As(α,β) is defined as follows:

min
∑

i∈Ws

cschedi

1−
∑

(j,k)∈Bs

xijk

+ b1 (β1Γ
c + β2b2Γ

w + β3b3Γ
c) (3.1a)

s.t.
∑

(j,k)∈Bs

xijk ≤ 1, i ∈ Ws, (3.1b)
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∑
i∈Ws

µixijk ≤ Ljk, (j, k) ∈ Bs, (3.1c)

Pξ

δjk +
∑

i∈Ws

θiρixijk > Ljk +H

 ≤ α, (j, k) ∈ Bs, (3.1d)

Γc = max
(j,k)∈Bs

∑
i∈Ws

ccanc
i xijk, (3.1e)

Γw =
∑

(j,k)∈Bs

|ū− ujk|, (3.1f)

Γt =
∑

(j,k)∈Bs

|ū− ujk|, (3.1g)

ū =
1

|Bs|
∑

(j,k)∈Bs

ujk, (3.1h)

ujk = Eξ

[
δjk

]
+

∑
i∈Ws

Eξ [θiρi]xijk, (j, k) ∈ Bs, (3.1i)

xijk ∈ {0, 1}, i ∈ Ws, (j, k) ∈ Bs, (3.1j)
ujk ≥ 0, (j, k) ∈ Bs, (3.1k)
Γc,Γw,Γt, ū ≥ 0. (3.1l)

Objective function (3.1a) is defined as the sum of the total scheduling cost (first
summation) and the linear combination of the three proxies, multiplied by the
coefficient b1 to create the hierarchy between the two levels. Furthermore,
coefficients b2 and b3 are defined to normalize the three proxy variables in
order to have the same order of magnitude. To this aim, we first estimate an
upper bound of the number of patients that can be scheduled within the same
OR block of the specialty s ∈ S

ms =

⌊
max(j,k)∈Bs Ljk

mini∈Ws µi

⌋
.

Then, we define the coefficient

b2 =
maxi∈Ws c

canc
i

maxi∈Ws c
wait
i

,

which balance the first two proxies with respect to their worst case, that
is when in an OR block the maximum number of patients is scheduled and
they all have the maximum cancellation and waiting cost, respectively. We
introduce the coefficient

b3 =
ms maxi∈Ws c

canc
i

|Bs|max(j,k)∈Bs Ljk/2
,

which is the ratio between the worst case for the first proxy and an approxima-
tion of the one for the third proxy (i.e. one half of OR block has full occupation
and the other half is empty). The coefficient b1 is finally introduced in such
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a way to establish a hierarchy in which the sum of the scheduling cost is
at the upper level and the proxies are at the bottom level. Let us suppose
that the scheduling cost of a surgery i ∈ W is defined in such a way to have
cschedi = n∆sched for some n ∈ N. Then, we set

b1 =
∆sched

1 +ms maxi∈Ws c
canc
i

,

ensuring that proxies cannot lead to choosing as the optimal solution a solution
that has a total scheduling cost higher than another feasible solution. Then,
by setting the vector of parameters β = (β1, β2, β3), with β1, β2, β3 ∈ [0, 1]
and ||β||1 = 1, it is possible to define the weights of the three different proxies
in such a way to set the level of preference between the patient mix criteria.
We highlight that β could or could not have also an impact on the set I of
scheduled patients. We distinguish to cases: (i) there exists a unique set I
that minimizes the total scheduling cost in the search space, or (ii) there are
two or more sets I with the same minimum total scheduling cost. In the for-
mer case, the value of β does not affect the decision about the surgery to be
scheduled, because of the hierarchy of the objective function imposed through
b1. In the latter case, different sets I could lead to different values of the proxy
variables, as a consequence the bottom level of the objective function also acts
on the selection of the surgeries. Constraints (3.1b) impose that each surgery
i ∈ Ws can be scheduled at most once. Constraints (3.1c) and (3.1d) are the
deterministic and stochastic OR capacity constraints. The former constraints
ensure that the sum of the EOT of patients scheduled within an OR block
does not exceed the ordinary duration Ljk. The latter are chance constraints
imposing the robustness with respect to the probability of cancellation dis-
cussed above. Constraints (3.1e)–(3.1f) define the cancellation and waiting
time proxies, respectively. Constraints (3.1g)–(3.1i) are used to compute the
third proxy. In particular, stochastic constraints (3.1i) estimate the OR uti-
lization ujk of every single OR block (j, k) ∈ Bs under the same assumption
of the chance constraints (3.1d) and without considering the effect of possible
cancellations due to the same considerations about the lack of knowledge of de-
cision that will be taken in the allocation scheduling. Then, constraint (3.1h)
computes the average OR utilization ū over all the estimates and constraint
(3.1g) computes the 1-norm of the vector of differences between the estimated
OR utilizations and their mean. Finally, domain constraints are reported in
(3.1j)–(3.1l).

3.4.3 Allocation scheduling: two-phase Stochastic Integer Programming model

Given an optimal solution x∗ of the CCIP model As(α,β), we define the
set Ijk = {i ∈ Ws | x∗

ijk = 1} of all patients scheduled in the OR block
(j, k) ∈ Bs. Then, for each OR block we can solve the allocation scheduling
problem independently. We propose a two-stage SMIP model Bjk that solves
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the sequencing procedure and timing procedure simultaneously: at the first-
stage (model BI

jk) the expected sum of all the costs is optimized, while in the
second-stage (model BII

jk(ω)) we compute the value of several variables in the
scenario ω ∈ Ω under the real-time policies defined in Section 3.3. In order
to provide a solution for the sequencing procedure and the timing procedure,
two types of decision variables are used in BI

jk, that is

oii′ =

{
1 if the surgery i′ ∈ Ijk is subsequent to the the surgery i ∈ Ijk,

0 otherwise,

and the scheduled time ti of the patient i ∈ Ijk since the OR block start time
(min). The first stage of the SMIP model BI

jk is defined as follows:
min Eξ[Q(o, t; ξ(ω))] (3.2a)

s.t. ti ≤ (Ljk − µi)
∑

i′∈Ijk\{i}
oi′i, i ∈ Ijk, (3.2b)

ti + µi ≤ ti′ + (1− oii′ )Mii′ , i, i′ ∈ Ijk, i ̸= i′, (3.2c)∑
i∈Ijk

∑
i′∈Ijk\{i}

oii′ = |Ijk| − 1, (3.2d)

oii′ ∈ {0, 1}, ti ≥ 0, i, i′ ∈ Ijk, i ̸= i′. (3.2e)

Objective function (3.2a) represents the expected value of the recourse function
Q(o, t; ξ(ω)) over the joint distribution of ξ(ω). Constraints (3.2b) ensure that
each patient i’s planned completion time (i.e. the scheduled start time ti plus
the EOT µi) does not exceed the OR block capacity Ljk, forcing the first
patient î to be equal to the OR block start time (tî = 0). Constraints (3.2c)
impose scheduled start times ti to be consistent with the order defined by
oii′ and the planned completion times ti + µi. Constraints (3.2d) express the
logical nature of variables oii′ , by guaranteeing to have a complete sequence
of all the surgeries in Ijk. Domain constraints are defined in (3.2e).

The recourse function Q(o, t; ξ(ω)) corresponds to the objective function
of the second-stage stochastic programming model. Thus, the expected value
in objective function (3.2a) is a multidimensional integral of a function that
is implicitly defined by a deterministic programming model. The aim of this
model is to calculate a weighted sum of costs associated with overtime, idle
time, cancellations, and direct waiting time of a scenario ω. This calculation
takes into account a set of rules that define all the decisions about overtime
allocation, cancellation, and insertion of the (possible) emergency surgery.

In Figures 3.2 and 3.3, we report two examples of schedule for a general
OR block (j, k) with 3 elective patients (i = 1, 2, 3) and 6 possible scenarios: 4
different scenarios ω1, ω2, ω3, ω4 ∈ Ω without the insertion of emergency surg-
eries (δjk = 0) are presented in Figure 3.2, while 2 further scenarios ω5, ω6 ∈ Ω
with the insertion of an emergency surgery (δjk > 0) are shown in Figure 3.3.
Since the direct waiting time ai of the patient i is defined as the difference
between the actual start time and the scheduled start time ti, we need to
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µ1 µ2 µ3sched.

t1 =0 t1+µ1 t2 t2+µ2 t3 t3+µ3 Ljk Ljk+H

µ1 µ2 µ3sched.

t1 =0 t1+µ1 t2 t2+µ2 t3 t3+µ3 Ljk Ljk+H

ρ1 ρ3scen. ω1

q1 =0 c1 q2 =c2 =t2 q3 =t3 c3

θ2 =0

ρ1 ρ2 ρ3scen. ω3

q1 =0 c1 =q2 c2 =q3 c3

ρ1 ρ2scen. ω2

q1 =0 c1 =q2 c2 q3 =t3 =c3

θ3 =0

ρ1 ρ2scen. ω4

q1 =0 c1 =q2 c2 =q3 =c3

y3 =0

Figure 3.2: Example of OR block schedule and 4 possible scenarios (ω1, ω2,
ω3, ω4 ∈ Ω) such that the emergency surgery is not inserted in the considered
OR block (δjk = 0).

µ1 µ2 µ3sched.

t1 =0 t1+µ1 t2 t2+µ2 t3 t3+µ3 Ljk Ljk+H

µ1 µ2 µ3sched.

t1 =0 t1+µ1 t2 t2+µ2 t3 t3+µ3 Ljk Ljk+H

ρ1 ρ2 ρ3scen. ω′
5

q1 =0 c1 q2 c2 q3 c3

τjk(e2 =1)(artificial scenario)

ρ1 ρ2 ρ3scen. ω′
6

q1 =0 c1 q2 c2 q3 c3

τjk(e2 =1)(artificial scenario)

ρ1 ρ2 δjk ρ3scen. ω5

q̂1 =0 ĉ1 q̂2 ĉ2 = q̂3 ĉ3

τjk(e2 =1)(real scenario)
z2 =0

ρ1 ρ2 δjk ρ3scen. ω6

q̂1 =0 ĉ1 q̂2 ĉ2 = q̂3 ĉ3

τjk(e2 =1)

z2 >0

(real scenario)

Figure 3.3: Example of OR block schedule and 2 possible scenarios (ω5, ω6 ∈
Ω) such that the emergency surgery is inserted in the considered OR block
(δjk > 0). Artificial scenarios (middle frame) ω′

5, ω
′
6 are auxiliary scenarios

built with only elective surgeries to identify the surgery i to which the emer-
gency surgery is subsequent (indicated with an arrow), and their actual start
time, accordingly. When it is not specified, zi = ei = 0.

compute the first one with respect to all the uncertainty factors that could
have an effect on it. For the same reason, we need to determine the actual
start and completion times of all patients to compute both the overtime and
the idle time, and to establish when surgeries must be canceled.

Firstly, let us consider a general scenario with no emergency surgery to be
inserted, such as in Figure 3.2. We indicate with qi the actual start time of the
surgery i. Such time is equal to ti if the completion time ci′ of the previous
surgery does not exceed ti. Otherwise, the surgery of i starts as soon as the
previous surgery ends, that is at time ci′ . The completion time is computed
as the sum of the actual start time and the ROT (ci′ = qi′ + ρi′).
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For instance, in scenario ω1 the actual start time of all patients is equal to
the scheduled one, since no uncertainty factor compromises the execution of
the ex-ante schedule. We remark that, in this scenario, we have a no-show for
the patient i = 2 (i.e. θ2 = 0) and, by convention, they will also have a start
and completion time set in such a way that they coincide (qi = ci), although
their possible waiting time and cancellation are not considered in terms of
cost. An example of direct waiting time greater than 0 can be observed for
patient i = 2 in scenario ω2, where the actual duration ρ1 of surgery i = 1
deviates significantly from the expected value µ1, leading to a delay in the
completion time c1 and the consequent postponement of the start of the next
surgery, which is equal to c1.

Furthermore, we need to introduce the decision variable

yi =

{
1 if surgery i is executed or is a no-show
0 otherwise

, i ∈ Ijk,

to deal with cases in which the maximum overtime H is not sufficient to
operate on a patient i with respect to their actual start time and the expected
surgery duration µi. Two opposite situations are presented in scenarios ω3 and
ω4 depicted in Figure 3.2: an amount of overtime equal to c3 − Ljk is used in
the former to operate on the patient i = 3, while their cancellation (y3 = 0) is
necessary in the latter.

To deal with the possible insertion of an emergency surgery (see Figure 3.3),
we need to introduce two further variables ĉi and q̂i for every patient i ∈ Ijk. In
these scenarios, ci and qi are not the actual completion and start times because
the insertion of the emergency surgery could lead to a forward movement
of the following elective surgeries. In this case, the actual completion and
start time are represented by ĉi and q̂i, respectively. By consequence, we use
ci and qi as auxiliary variables to build an artificial scenario ω′ where the
emergency surgery is not inserted, then we define ĉi and q̂i by taking into
account the emergency insertion. In scenarios without an emergency patient
(i.e. Figure 3.2), the actual completion and start times coincide with the
corresponding auxiliary variables, that is ci = ĉi and qi = q̂i.

When the emergency patient arrives (i.e. at time τjk) they need to be
inserted as soon as possible. Two alternative situations could happen.

• A surgery i is currently being performed in the OR (e.g. see scenario ω5

in Figure 3.3), then the emergency surgery will start at the completion
time ci. By consequence, the idle time zi between the surgery i and the
emergency one is equal to 0.

• The OR is currently available (e.g. see scenario ω6 in Figure 3.3), then
the surgery can be started immediately. We compute the idle time be-
tween the previous elective surgery i and the emergency one, which is
zi = τjk − ci.
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In both situations, we use the auxiliary variable

ei =

{
1 if the emergency surgery follows the surgery i

0 otherwise
, i ∈ Ijk,

to indicate the point in the surgery sequence in which the emergency patient is
inserted. Conventionally, we set the variables zi′ = 0 for the elective surgeries
i′ ∈ Ijk that do not immediately precede the emergency surgery. Then, we
set the variable ĉi, associated with the elective surgery i such that ei = 1,
equal to the completion time of the emergency surgery instead of its own
completion time. Finally, we compute the cascade of actual starting times q̂i
and completion times ĉi of the following surgeries. We remark that it holds
ci = ĉi and qi = q̂i for all surgeries that precede the surgery i′ such that ei′ = 0
and for all surgeries in scenarios without the emergency insertion.

The second-stage problem is represented for each scenario by the following
programming model BII

jk(ω):

min chhjk + cggjk +
∑

i∈Ijk

ccanc
i (1− yi) +

∑
i∈Ijk

cwait
i ai (3.3a)

s.t. oii′ = 1 ⇒ qi′ = max{ci, ti′} ∧ q̂i′ = max{ĉi, ti′},i, i′ ∈ Ijk, i ̸= i′, (3.3b)

qi, q̂i ≤ M
∑

i′∈Ijk\{i}
oi′i, i ∈ Ijk, (3.3c)

ci = qi + ρi(ω)θi(ω)yi + zi + δjk(ω)ei, i, i′ ∈ Ijk, i ̸= i′, (3.3d)
ĉi = q̂i + ρi(ω)θi(ω)yi, i, i′ ∈ Ijk, i ̸= i′, (3.3e)
C ≥ θi(ω)(qi + ρi(ω)yi) + zi + δjk(ω)ei − (1− yi)M, i ∈ Ijk, (3.3f)
C ≥ τjk(ω) + δjk(ω), (3.3g)
zi ≤ Mei, i ∈ Ijk, (3.3h)∑
i∈Ijk

ei = 1, i ∈ Ijk, (3.3i)

ei = 1 ∧ oii′ = 1 ⇔ q̂i ≤ τjk(ω) < q̂i′ , i, i′ ∈ Ijk, i ̸= i′, (3.3j){
ei = 1

τjk(ω) > qi + ρi(ω)θi(ω)yi
⇒ zi = τjk(ω)−

(qi + ρi(ω)θi(ω)yi),
i ∈ Ijk, (3.3k)

θi(ω)(qi + µi) ≤ Ljk +H ⇔ yi = 1, i ∈ Ijk, (3.3l)
yi ≥ 1− θi(ω), i ∈ Ijk, (3.3m)
ai ≥ qi − ti −M(1− yiθi(ω)), i ∈ Ijk, (3.3n)
hjk ≥ C − Ljk, (3.3o)

gjk ≥ max{Ljk, C} −
∑

i∈Ijk

ρi(ω)θi(ω)yi − δjk(ω), (3.3p)

hjk, gjk, qi, q̂i, ci, ĉi, C, zi, ai ≥ 0, yi, ei ∈ {0, 1}, i ∈ Ijk. (3.3q)

Objective function (3.3a) is multi-objective and includes four terms. The first
term chhjk is the total overtime cost in the considered OR block (j, k); the
second term cggjk is the total idle time cost in the OR block (j, k); then
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we consider the sum of cancellation costs ccanc
i for canceled surgeries i due

to insufficient residual time; finally, we consider the sum of waiting costs,
computed as the cost per minute cwait

i multiplied by the minutes of direct
waiting time ai of the patient i.

Constraints (3.3b)–(3.3c) define the actual start times q̂i in the consid-
ered scenario and the start time qi in the corresponding artificial scenario.
Constraints (3.3b) define the actual start times as the maximum between the
scheduled start times and the completion times of the previous patients (if
they exist). Constraints (3.3c) impose that the start time of the first surgery
is equal to the OR block’s start time, that is 0, while it becomes redundant
with respect to (3.3b) for all other surgeries due to the big-M.

Similarly, variables ĉi and ci are defined by constraints (3.3d)–(3.3e) as
the actual completion times in the real scenario and in the artificial scenario,
respectively. In both the equalities, the ROT of i is summed to the actual
start times only if the patient is available to be operated on (θi = 1) and is
not necessary to cancel their surgery (yi = 1). In the particular case in which
the emergency surgery is inserted immediately after the patient i (ei = 1),
ĉi is defined as the completion time of the emergency patient, to which two
further durations are added: the idle time zi between the elective patient i
and the emergency patient, and the surgery duration δjk(ω) of the emergency
patient inserted in the OR block (j, k). For instance, in both scenarios ω5 and
ω6 of Figure 3.3 the emergency surgery is subsequent to the elective surgery
i = 2, then ĉ2 = q̂2 + z2 + δjk.

Constraints (3.3f)–(3.3g) compute the maximum completion time C, that
is the actual end time of the OR block, remarking that one among constraints
(3.3f) and constraint (3.3g) is more strict with respect to all the others. There
are two possible cases that cause the redundancy of a constraint with respect
to the strictest one: (i) the considered surgery is not the last executed in the
OR block, and (ii) the considered surgery is not executed. For instance, in
scenario ω2 in Figure 3.2 we have C = ĉ2 = c2 because when considering
the constraint (3.3f) for i = 1, we have that C ≥ ĉ1, but for i = 2 it holds
that C ≥ ĉ2 = c2 > ĉ1 = c1. At the same time, we do not consider the
completion time of the surgery i = 3 due to its no-show and the absence of an
emergency patient after it, which leads to the trivial constraint C ≥ 0 when
considering the constraint (3.3f) for i = 3. Similarly, in scenario ω4 it holds
that C = ĉ2 = c2 since the cancellation of the patients i = 3 enables the
big-M when considering the same constraint. Furthermore, constraint (3.3g)
is necessary for the particular case in which the emergency arrival occurs after
the auxiliary actual starting time q̂i of the last surgery of the OR block, but
it is a no-show or is canceled.

Furthermore, when the emergency patient does not succeed the patient i
(ei = 0), variable zi is fixed to 0 by constraints (3.3h) because there is no idle
time to compute between such a surgery and the emergency one (e.g. this is
the case of scenario ω5 in Figure 3.3).
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Constraints (3.3i) ensure that the emergency surgery is inserted exactly
one time. Constraints (3.3j) implement the emergency surgery’s insertion pol-
icy, that is (i) at the exact moment τjk(ω) of the emergency patient arrival
if the OR is available (such as in scenario ω6 in Figure 3.3), (ii) immediately
after the surgery currently in progress otherwise (such as in scenario ω5 in
Figure 3.3). Constraints (3.3k) compute the idle time between the emergency
surgery and the previous elective surgery i, that is equal to 0 when the emer-
gency patient arrives while elective patient i is within the OR and they is
operated immediately after the end of their surgery.

Constraints (3.3l) apply the cancellation policy, that is a certain surgery
is canceled if and only if its expected completion time (i.e. q̂i + µi) would
exceed the maximum overtime (i.e. Ljk + H), then constraints (3.3m) avoid
the cancellation if the patient is a no-show.

Constraints (3.3n) compute the waiting time of the patient i as the differ-
ence between the actual and the scheduled start time, using a big-M to set to
0 the waiting time of no-shows and patient whose surgery has been canceled.
Constraint (3.3o) defines the overtime as the difference between the maximum
completion time C and the OR block ordinary duration Ljk. Constraint (3.3p)
defines the idle time as the difference between the maximum completion time
C and the sum of the ROTs of the patients operated on.

All variables are bounded due to domain constraints (3.3q). All non-trivial
constraints presented here in a non-linear form for the sake of summary are
reported in the corresponding linear form in Appendix C.

3.4.4 Overall objective function

We can define the overall objective function of the surgical scheduling prob-
lem defined in the stochastic optimization framework at the beginning of this
section (see Figure 3.1) as follows:

Z =
∑
s∈S

∑
i∈Ws

cschedi

1−
∑

(j,k)∈Bs

xijk

+

+
∑

(j,k)∈B

Eξ

chhjk + cggjk +
∑
i∈Ijk

(
ccanc
i (1− yi) + cwait

i ai

) ,

(3.4)

where variables at the bottom level of the hierarchical objective function of
As(α,β) are not included since they are only used as proxies to link the two
phases of the stochastic optimization framework.

3.5 Methodology

Because of the complex structure of the stochastic process under which the sur-
gical scheduling is executed, closed-form expressions of the chance constraints
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(3.1d) of As(α,β) and of the stochastic objective function (3.2a) of Bjk are
complex to be defined in an exact way or by introducing a good approxima-
tion. For this reason, we propose a Monte Carlo sampling to deal with the
chance constraints (3.1d) for the advance scheduling in Section 3.5.1 and two
different versions of the SAA method to deal with the stochastic objective
function of the allocation scheduling model in Section 3.5.2. Nevertheless, as
we will show in Section 3.6, the combination of the stochastic and computa-
tional complexities of Bjk makes the SAA methodology not effective for some
instances, because it consists of the solution of a mixed integer linear pro-
gramming model with a high number of variables. Therefore, in Section 3.5.3
we propose a genetic algorithm with a custom encoding and a fitness function
evaluation based on Monte Carlo sampling to find a near-optimal solution with
a reasonable computational cost.

3.5.1 Advance Scheduling: Monte Carlo sampling

The CCIP model As(α,β) is solved by approximating the chance constraints
(3.1d) and the stochastic constraints (3.1i) through a Monte Carlo sampling.
Firstly, a random sample S is generated. Then, the probability in (3.1d) is
approximated by

Pjk =
1

|S|
∑
ω∈S

1(Ljk+H,+∞)

(
δjk(ω) +

∑
i∈Ws

θi(ω)ρi(ω)xijk

)
, (j, k) ∈ Bs,

(3.5)

where the indicator function 1(Ljk+H,+∞) is used to compute the number of
scenarios in which the internal inequality is not satisfied. Similarly, auxiliary
variables ujk defined in constraints (3.1i) are approximated with their sample
average

ũjk =
1

|S|
∑
ω∈S

(
δjk(ω) +

∑
i∈Ws

θi(ω)ρi(ω)xijk

)
, (j, k) ∈ Bs. (3.6)

3.5.2 Allocation Scheduling: SAA and N-fold SAA

We propose two alternative SAA methods, that is objective function (3.2a)
computed through a randomly generated sample S of size |S|, to find a near-
optimal solution of Bjk.

SAA: The SMIP model is solved by computing the SAA method [78] on S.

N-fold SAA (SAAN): The sample S is partitioned into N folds of size
|S|/N . Then, the stochastic programming is solved by computing the
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SAA method on each subset Fn ⊂ S, n = 1, . . . , N . The solution ob-
tained for each fold Fn is then reevaluated on the entire sample S through
an algorithmic straightforward implementation of BII

jk . Finally, the one
with the minimum objective function value is selected.

3.5.3 Allocation scheduling: a genetic algorithm

We present a custom version of the Biased Random-Key Genetic Al-
gorithm (BRKGA), which is an effective method for tackling sequencing
problems [57] and we adapt it in order to solve also the timing procedure.
In our customization, each solution of the optimization problem consisting of
the sequencing procedure and the timing procedure for an OR block (j, k) is
encoded through a vector

Γ = (γ1, . . . , γ|Ijk , γ
′
1, . . . , γ

′
|Ijk|)

of length 2|Ijk| called chromosome. Every component of the chromosome,
called gene, contains a real number in the unit interval: the first half of the
chromosome is used for the sequencing procedure, while the second half is used
for the timing procedure.

Let us indicate with i = 1, . . . , |Ijk| the surgeries in Ijk, then γi, 1 ≤ i ≤
|Ijk|, represents the order of patient i in the sequence of surgeries, that is
the surgeries are sequenced in increasing order of the corresponding gene. By
consequence, variables oii′ are fixed according to their definition.

The i-th gene of the second half γ′
i is used to determine the slack time

after the i-th surgery. Here, the slack time corresponds to the duration of
the time interval between the end of the i-th surgery and the beginning of
the subsequent one. If the considered surgery is the last of the OR block, the
slack time is considered with respect to the ordinary end of the OR block.
The values of genes γ′

i are re-scaled according to the total idle time during the
encoding phase. Without loss of generality, let us suppose that the patient i is
the i-th in the surgeries sequence, otherwise the patients can be renamed after
the decoding of the first half of the chromosome. Firstly, the total scheduled
idle time

G = Ljk −
∑
i∈Ijk

µi,

is computed as the difference between the OR block duration and the sum of
the EOTs of the scheduled surgeries. Then, the scheduled start time ti of the
patient in position i in the surgeries sequence is computed as follows

t1 = 0,

ti+1 = ti + µi +
γ′
i∑|Ijk|

i′=1 γ′
i′

G, i = 1, . . . , |Ijk| − 1,

where ti+µi is the scheduled completion time of the surgery i, while the other
term is the decoded slack time left after it.
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Figure 3.4: Example of the encoding used in the custom version of the
BRKGA.

An example of a chromosome with the proposed encoding for an OR
block with 5 scheduled patients is represented in Figure 3.4. In this par-
ticular instance, the first half of genes in the chromosome Γ are such that
γ2 < γ1 < γ4 < γ5 < γ3, then the associated solution of the sequencing pro-
cedure is given by the sequence (2, 1, 4, 5, 3). Furthermore, we need to decode
the solution of the timing procedure. The surgery i = 2 is implicitly scheduled
at the OR block start time, that is t2 = 0. To define the scheduled start times
of the other 4 surgeries, we consider the second half of genes of Γ. Since γ′

1 is
equal to 2/9 of the sum γ′

1 +γ′
2 +γ′

3 +γ′
4 +γ′

5, then the slack between the first
and the second surgery is set equal to 2/9 of the scheduled idle time G. Sim-
ilarly, due to the values of γ′

2 and γ′
3 we set a slack of duration G/9 between

the second and the third surgeries, and a slack of duration G/3, respectively.
Since it holds that γ′

4 = 0, there is no slack between the fourth and the fifth
surgeries, then the scheduled start time of the surgery i = 3 is set equal to
the scheduled completion time of the surgery i = 5. Finally, the last gene γ′

5

defines the ending slack, that is the scheduled idle time after the last scheduled
surgery.

The BRKGA applies evolutionary dynamics over a population of individ-
uals. Each individual of the population is characterized by a chromosome.
Each chromosome is associated with a fitness value, defined as follows:

fitness(t) = 1

|S|
∑
ω∈S

Q(o, t; ξ(ω)), (3.7)
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which is an approximation of the objective function (3.2a) through a Monte
Carlo simulation over the sample S. Fitness values are computed through an
algorithmic straightforward implementation of BII

jk that reduces the computa-
tional time.

Each gene of each chromosome of each individual of the first population
is sampled uniformly at random within the unit interval. For each following
generation, that is any following iteration of the algorithm, the BRKGA uses
an elitist strategy for generating new offspring. A fixed user-defined fraction
of individuals with the lowest fitness values, called elites, is entirely copied
to the new population. In this way, good solutions monotonically improve
over generations. Then, a user-defined fraction of non-elite individuals, called
mutants, is generated uniformly at random and added to the new popula-
tion. The remaining individuals are generated through a mating mechanism
between one member of the elite set and one member of the non-elite set of
the previous population. Each gene of the offspring is inherited with a user-
defined probability p̃ from the elite parent, and with probability 1 − p̃ from
the non-elite parent. In this way, the generation of new individuals is biased
toward the fittest chromosomes. This process terminates either within a fixed
number of generations or a given time limit, returning the individual with the
minimum fitness value.

We remark that the proposed chromosome encoding is designed in such
a way that it always satisfies constraints (3.2b)–(3.2d), guaranteeing the fea-
sibility of the solution associated with every gene. This is a good property
that allows us to exploit the whole population to explore the search space and
speed up convergence.

3.6 Experimental setup

In this section, we present the creation of the instances that will be used in the
computational analysis in Section 3.7. In order to test the proposed stochastic
optimization approach on realistic scenarios and to provide reliable managerial
insights, we start from data from a real case and we deal with the lack of
missing data enhancing it with information available in the literature and data
fitting, providing realistic assumptions arising from logical considerations.

3.6.1 Specialties: MSS, surgical procedures, and distributions

We generated several instances starting from the open data in [94] about the
major hospital in the city of Oslo (Sykehuset Asker og Baerum HF), including
information about surgeries of 5 specialties over a period of 3 years: Cardiology
(CARDIO), Gastroenterology (GASTRO), Gynecology (GYN), Orthopedics
(ORTH), and Urology (URO). We do not include General Medicine (MED) in
our experiment due to the low number of surgeries of this specialty, with only
the 3% of total cases and an OR block allocated occasionally, which would lead
to a trivial scheduling. The patient type (elective or emergency), the surgical
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Table 3.4: MSS mined from data in [94].

OR Mon Tue Wed Thu Fri
1 GASTRO GYN GYN
2 GASTRO GYN GYN GYN GASTRO
3 CARDIO CARDIO CARDIO
4 URO URO URO
5 ORTH ORTH URO
6 ORTH ORTH
7 ORTH ORTH ORTH
8 GASTRO GASTRO
9 GYN GASTRO

specialty, and the start and completion time of the surgery are available in
the data set. Therefore, we are able to compute the elective patients’ ROT
distribution for each specialty and the daily emergency arrival rate. However,
other missing information are usually known in practice when the surgical
scheduling is executed, such as the surgical procedure, the EOT, the patient’s
age, the OR, and other attributes defining scheduling, cancellation and waiting
costs [9, 37, 106, 128, 134]. For this reason, existing data have been integrated
through a realistic random generation of the missing ones.

We deduced the MSS, that is assignment of the OR blocks to the 5 spe-
cialties over a planning horizon of 5 weekdays from the timestamps of the
surgeries in the data set. Since we observed significant variations over the
3-year period, we considered only the last year (2008). For each week and for
each day, we compute the total duration of the elective surgeries that hap-
pened that day. We assumed the availability of 9 ORs and that the duration
of every OR block is 480 min. Thus, we deduced a fixed weekly pattern for
the last 8 weeks of 2008. Such a pattern, summarized in Table 3.4, is the MSS
used in our analysis.

The elective patients’ ROT distribution of every specialty presents several
peaks, which suggest the underlying presence of different surgical procedures.
In the hypothesis of having the necessary data (which we are artificially re-
constructing here), we assume that machine learning techniques can be used
to identify a certain number of surgical procedure groups. The surgical proce-
dures of the same groups belong to the same specialty and have similar ROT
distribution. Contrarily, surgical procedures in different groups have signifi-
cantly different ROT distribution, in accordance with the medical literature.
For instance, possible urology surgical procedures include dilation of urethra
(<30 min), nephrectomy (≈3 h), and total cysectomy (>6 h) [106]. Since
the durations of surgical procedure groups can be approximated with a log-
normal distibution [11, 60, 124], we assume that the elective patients’ ROT
distribution is a lognormal mixture, where each component is the distribution
related to a surgical procedure group. We remark that our purpose is not
to predict the surgical procedure durations of the real cases in [94], but to
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generate realistic EOTs consistently with the available ROTs ρ. We used the
function normalmixEM from the package mixtools [12] in R 4.1.1 to deduce
the distributions that lead to the best fitting Gaussian mixture with respect
to the logarithm of the ROTs. We ranged the number m of mixtures’ compo-
nents between 1 and 8, and for each Gaussian component we allowed values
of standard deviation in {0.15, 0.20}, which consist in coefficients of varia-
tion of the surgical durations equal to about 0.151 and 0.202, allowing us to
model two different level of variability. Finally, we selected the mixture with
the configuration that approximates better the specialty’s mean and standard
deviation.

From the fitted mean and standard deviation of the logarithm of surgery
durations, it is possible to deduce the mean µ (EOT) and the standard devi-
ation σ of the surgery duration for each surgical procedure group, while the
weights establish their probability to be generated within the specialty. Then,
the ROTs of a surgical procedure group have lognormal distribution of param-
eters µ and σ. In Table 3.5 we list for each specialty s ∈ S the number ms

of components (surgical procedure groups) of the best-fit mixture, with their
frequencies f , average values µ, and standard deviations σ. We remark that
such measures are expressed in minutes. In the right column, we illustrate the
graph of the duration distribution by representing the logarithm of the ROT
on the x-axis. Thus, the probability density function results in a Gaussian
mixture. Furthermore, we report the relative errors εµ and εσ of mean and
standard deviation of the best-fitting mixtures with respect to the empirical
distribution of the ROTs.

We obtained 29 different surgical procedure groups among the 5 special-
ties, with significantly different means and standard deviations. Furthermore,
we notice that all the fitting mixtures provide an accurate approximation of
the sample mean, that εµ is always less than or equal to 0.1%, while the stan-
dard deviation varies from an error εσ = 0.5% for GASTRO up to the 19.8%
of CARDIO. However, we deem the mined fitting distributions sufficiently
adequate for the purpose of generating realistic scenarios.

3.6.2 Inpatients, outpatients, and emergencies: attributes and costs

While emergencies are indicated within the considered data set with a special
attribute, it is not specified if elective surgeries are inpatient or outpatient.
In order to have a realistic inpatient and outpatient population with different
surgery duration predictability, no-show rates and costs [142], the attributes
of the elective patients have been generated as listed in Table 3.6.

Patients with the lower coefficient of variation (LCV = σi/µi = 0.151)
have been labeled as outpatients with a probability of 0.7 and inpatients with
a probability of 0.3. Contrarily, patients with the higher coefficient of variation
(HCV = σi/µi = 0.202) have been labeled as outpatients with a probability of
0.3 and inpatients with a probability of 0.7. This procedure generated 55% of
outpatients and 45% of inpatients, which is an operational context consistent
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Table 3.5: Parameters and density probability function graphs of best fitting
mixtures and their components with respect to empirical distributions (his-
tograms). Parameters µ and σ are expressed in minutes.
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Table 3.6: Parameters of inpatient and outpatient population.

Inpatient Outpatient
(45% of total cases) (55% of total cases)

P(type | LCV) 0.30 0.70
P(type | HCV) 0.70 0.30
No-show rate (ri) 0.08 0.24
Scheduling costs (cschedi ) U({10,20,…,100}) U({10,20,…,100})
Cancellation costs (ccanc

i ) 4 cschedi 2 cschedi
Waiting costs (cwait

i ) U([1/180, 1/18]) U([1/360, 1/36])

with reality [105].
Furthermore, we set the outpatient and inpatient no-show rate to 0.08 and

0.24, which is the average case in the literature, as reported in [142]. The
scheduling costs have been generated with uniform distribution over the set
{10, 20, . . . , 100} for all patients (i.e. ∆ = 10). Then, cancellation costs were
set equal to twice the scheduling costs for outpatients and to its quadruple
for inpatients. The rationale is that scheduling a patient and canceling them
is less preferable than not scheduling them from the beginning. Furthermore,
a cancellation of an inpatient could have a higher impact because they could
occupy other hospital resources (e.g. upstream units) waiting for rescheduling.
By contrast, the direct waiting times of outpatients are less preferable than
those of inpatients, as confirmed by the high interest in minimizing waiting
times in outpatient clinics. The reason is that a delay may have a major impact
on outpatient satisfaction. Therefore, we uniformly sampled a waiting cost
(per minute) in [1/180, 1/18] for outpatients and [1/360, 1/36] for inpatients in
order to have waiting costs for outpatients that are twice the ones of inpatients
on average. The scale of these values has been set in order to have a common
sense ratio between the waiting costs and the other two patient costs. For
instance, we consider the two following scenarios as equivalent in terms of
costs: consider an outpatient i with maximum waiting cost and minimum
scheduling/cancellation cost

scenario 1: the outpatient i is scheduled, but the actual starting time is 3 h
after the planned one;

scenario 2: the same outpatient i is not scheduled at all.

However, it is always preferable to delay the surgery of inpatients rather than
scheduling and then canceling them, due to the considerations made above.

Two different cases are analyzed to explore two possible cost preferences
of the decision maker from an efficiency perspective, that is cg = 1/9, ch =
1/6, and cg = ch = 1/3. In the former, the patient-centered costs have
a higher impact on the solution, while the facility-centered objectives have
greater importance in the latter. The two cases have also a different mutual
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balancing, which is the same as the two scenarios analyzed in [121], where the
same real case has been considered.

The daily arrival rate of emergency patients is defined as the ratio between
the number of emergency patients in the real data set and the number of
weekdays. Thus, we computed the probability to insert an emergency surgery
within an OR block, that is pem = 0.2. Setting this parameter, we assumed
that emergency surgeries can be performed in all ORs, including those for
which an OR block is not planned for the current day (e.g. OR 9 on Monday).
Furthermore, the parameters of the lognormal distribution used to generate
the emergency surgery durations are set according to the empirical mean and
standard deviation of the emergency surgical cases in [94], that is µem = 93
min and σem = 60 min. Then, the lognormal distribution has been truncated
to a maximum of 240 min.

3.6.3 Instance generation

We generate 10 different instances for each elective surgery waiting list size
|W | = 500 and |W | = 1100. Based on average results performed in a prelimi-
nary analysis, we need about 3 and 5 weeks to schedule all patients within the
fixed MSS, respectively. This means that if the number of executed surgeries
per week is approximately the same number of new patients inserted within
the waiting list, then the average indirect waiting time will be about 3 and
5 weeks, respectively. The patient population of each instance is randomly
generated following the empirical distribution of elective patients among the
5 specialties. At this point, we consider the set Πs of all surgical procedure
groups of the patient’s specialty s ∈ S. Then, a procedure group π ∈ Πs is
generated with the categorical distribution of parameters f = (f1, . . . , fm),
where m = |Πs|, as reported in Table 3.5. By consequence, the EOT is set
equal to the mean µπ of the lognormal distribution associated with the surgi-
cal procedure group π, which means that in the scenario generation the ROT
will have a lognormal distribution of mean µπ and standard deviation σπ.

In all instances, the planning horizon is one week. We set a total duration
of Ljk = 480 min for all OR blocks (i, j) ∈ B, with a maximum overtime of
H = 60 min per OR block. The same instances have been used to compare
different configurations of the model parameters and the proposed methods.

3.6.4 Tests

For each instance, a sample S of size |S| = 1000 has been generated and
used for the Monte Carlo sampling, the SAA, the SAAN , and the BRKGA.
All methods have been implemented in Python 3.10, with Gurobi 10.0.0 for
the mathematical programming and the Pymoo Python library [26] for the
BRKGA. All tests have been run on an HPC cluster running CentOS, using 4
Intel CPU cores working at 2.1 GHz and 16 GB of RAM to simulate the
performance of a standard desktop computer that may be used by an OR
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planner.

3.7 Computational analysis

We present a computational analysis to evaluate the proposed approaches
for the two phases of the stochastic optimization problem introduced in Sec-
tion 3.3. In Section 3.7.1, we present the results for the advance scheduling
model A(α,β) with the Monte Carlo sampling by fixing β, in order to prove
the effectiveness such an approach in for the first phase of our framework
and to evaluate the impact of the robustness parameter and the three prox-
ies. The solutions are then used in Section 3.7.2 to compare the performance
of the SAA, the SAAN , and the BRKGA to solve the allocation scheduling
models Bjk in the second phase of the framework. Solutions obtained in these
experiments are then combined in Section 3.7.3, where we present the results
of the parameter variation illustrated in Figure 3.1 discussing the trade-off
between robustness and amount of scheduled surgeries, and between the cri-
teria defined through the proxies. Furthermore, in Section 3.7.4 we present
an analysis focused on the patient type to provide general managerial insights
for the scheduling of inpatients and outpatients within shared ORs. Finally, a
sensitivity analysis is presented in Section 3.7.5 to evaluate the level of approx-
imation introduced by the assumption regarding the possibility of inserting at
most one emergency patient per OR block.

3.7.1 Results: advance scheduling

As a first analysis, we solve the model A(α,β) with the Monte Carlo sampling
by ranging α ∈ {0.05, 0.10, 0.15, 0.20} to set different levels of robustness and
β ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} to consider the three proxies one by one and
provide a comparison between the different patient mixes determined by them.
For each instance we set a total time limit of 1 h, which means that we need half
day to compute all the solution for the fixed parameters, that is a reasonable
maximum running time for a weekly schedule.

In Table 3.7, we report results for the two instance sets with a different
number of patients (|W | = 500 and |W | = 1100) to be scheduled by varying
the model parameters. Model A(α,β) has been solved by its decomposition in
independent subproblems for the 5 specialties (As(α,β), with s ∈ {CARDIO,
GASTRO, GYN, ORTH, URO}), then the objective function value (o.f.) has
been computed by summing the objective function values of the 5 specialties
and the gap (gap) has been computed accordingly. Firstly, we can notice that
the use of a general-purpose solver like Gurobi is appropriate, although Monte
Carlo sampling increases the computational complexity of the programming
model. Average gaps range indeed between 0.26% up to 6.65%, with a general
pattern that indicates a greater complexity for lower values of α. For the same
reason, when α increases the solver is able to find the optimal solution of some
instances within the given time limit. Then, the average running time (secs)
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Figure 3.5: Scheduled patients (sum of the costs of scheduled surgeries and
their number) varying the robustness parameter α (best solutions among val-
ues of β).

decreases, accordingly.
As expected, the lower the value of α, the lower the sum of the schedul-

ing costs of scheduled patients (Sched. patients cost). However, while a
significant difference can be observed between α = 0.05 and α = 0.10, these
values tend to settle. This can be better observed in Figure 3.5, where for each
value of α we considered the best configuration β with respect to the total
scheduling cost. A counterintuitive result is that, while the cost of sched-
uled patients slightly increases, the number of scheduled surgeries (Sched.
patients number) is almost the same for α = 0.10, 0.15, 0.20, indicating that
the chance constraints have a greater effect on the selection of surgeries to be
scheduled than on their quantity. Negligible differences can be observed in
the objective function values for α = 0.15 and α = 0.20. This indicates that,
around the last value of the robustness parameter, we reach the critical point
where the chance constraints (3.1d) become less strict than the deterministic
capacity constraints (3.1c). Then, for the sack of simplicity, we will show
only results for α ∈ {0.05, 0.10, 0.15} in the second phase of the stochastic
optimization approach.

Another expected fact is that different proxies lead to very similar average
objective function values, due to the hierarchical modeling of the objectives.
Slight fluctuations in the total scheduling costs (column Sched. patients
cost) in tests with the same values of W and α are mainly due to different
complexity caused by different weights in the objective function (3.1a). How-
ever, in the worst case, we have a difference in the total scheduling costs equal
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Figure 3.6: Proxy variables of CARDIO OR blocks for different values of β
(single instance with |W | = 1100 and α = 0.1). P1, P2, and P3 indicate the
configurations with β = (1, 0, 0), β = (0, 1, 0), and β = (0, 0, 1), respectively.

to 27, which corresponds to the scheduling of a low-priority surgery.
The effectiveness of the three proxies in determining different types of

patient mixes is evident. In columns P1, P2, and P3 we report the average
values of the 3 proxies, computed as the sum of the proxy variables Γc,Γw,
and Γt over the 5 specialties. Such values clearly show that proxy variables
are significantly reduced when the corresponding component in β is equal to
1 with respect to 0.

The behavior of the three proxies can be further observed in Figures 3.6
and 3.7, where we reported the distribution of costs and surgery time among
OR blocks for a single instance with |W | = 1100, α = 0.1, and two different
specialties. In Figure 3.6(a) and Figure 3.7(a) we show the sum of cancella-
tion costs of each OR block of the considered specialties, that is defined as the
expression in the argument of maximum function in constraint (3.1e). Anal-
ogously, in Figures Figure 3.6(b) and Figure 3.7(b) we represent the sum of
waiting costs of each OR block that refers to constraint (3.1f). Finally, in Fig-
ures Figure 3.6(c) and Figure 3.7(c) we report the expected OR utilization for
every OR block, which is equal to the variable ujk in constraint (3.1i) divided
by the OR block capacity Ljk = 480.

By enabling the first proxy (β = (1, 0, 0)) or the second proxy (β =
(0, 1, 0)) we notice that the maximum sum of cancellation costs and the max-
imum sum of waiting costs of surgery within the same OR block are reduced
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Figure 3.7: Proxy variables of single URO OR blocks for different values of β
(single instance with |W | = 1100 and α = 0.1). P1, P2, and P3 indicate the
configurations with β = (1, 0, 0), β = (0, 1, 0), and β = (0, 0, 1), respectively.

with respect to the other configurations. As a side effect, the distribution of
the considered costs is balanced among the OR block of the same specialty.
For instance, since the OR utilization is independent of the patients’ can-
cellation/waiting costs, the balancing of the OR utilization provided by the
parameter configuration β = (0, 0, 1) could lead to OR blocks whose patient
mix involves a high sum of such costs (e.g. see OR block (3,Fri) for CAR-
DIO in Figures 3.6(a)–(b)). Similarly, setting β to consider only the first
proxy could lead to a poor solution with respect to the second proxy (e.g. see
OR block (3,Fri) for CARDIO in Figure 3.6(b) or OR block (4,Tue) for URO
in Figure 3.7(b)), and viceversa (e.g. see OR block (3,Fri) for CARDIO in
Figure 3.6(b) or OR block (4,Tue) for URO in Figure 3.7(b)).

Similar considerations can be made for the third proxy in Figures 3.6(c)–
3.7(c). In the parameter configurations with β3 = 0, we can observe that the
expected OR utilization ranges in an interval of length equal to approximately
the 1%–1.5% for CARDIO and 1.5%–3% for URO. When the third proxy is
enabled (β = (0, 0, 1)) the CCIP model is able to find solutions with an almost
perfect balancing. Furthermore, an interesting behavior can be observed in
Figure 3.6(c) where the solution in correspondence of β = (1, 0, 0) has a lower
estimated OR utilization with respect to that with β = (0, 1, 0) OR block by
OR block, and with respect to that with β = (0, 0, 1) on average. This is one of
the cases where there exist more solutions with the minimum total scheduling
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costs at the higher level of the hierarchical function, then the weights of the
proxy variables have an impact also on the decision about the patients to
be scheduled. As a consequence, we expect that the solution provided by
β = (1, 0, 0) for this particular instance will lead to a higher total idle time
cost but a lower overtime cost compared to β = (0, 1, 0) and β = (0, 0, 1).

Finally, we observe that for the longer waiting list (|W | = 1000) the
best solutions consist of a higher number of scheduled patients, whose sum
of scheduling costs is also greater. Although in the optimal solutions for the
shorter waiting list (|W | = 500) a substantial fraction of surgeries is not sched-
uled, the increase of patients to be scheduled allows us to find better solutions
because (i) there are more patients with a more advantageous ratio between
scheduling cost and surgery duration and (ii) there are more possible patient
mixes that comply with the capacity constraints (3.1c)–(3.1d).

3.7.2 Results: allocation scheduling

We compare the effectiveness of SAA, SAAN , and BRKGA to solve the SMIP
models Bjk, with (j, k) ∈ B, starting from the advance schedules found in the
experiments discussed in Section 3.7.1, and by considering the two different
cost preferences cg = 1/9, ch = 1/6 and cg = ch = 1/3. We fix a total
time limit of 5 min for solving every method, for an overall time limit of 130
min per parameter configuration to solve the allocation scheduling for all the
weekly OR blocks of Table 3.4. We remark that the common practice is to
solve the allocation scheduling day-by-day, which in our experimental setup
means a required daily maximum running time of 20–30 min per parameter
configuration.

A preliminary tuning procedure through a uniform grid search allowed us
to set the BRKGA parameters, that is a population size of 50, a fraction of
elite and mutant population of 1/4 and 1/5, respectively, and an elite gene
inheritance probability p̃ = 1/2.

Since the effectiveness of the proposed approaches is strongly dependent on
the number |Ijk| of scheduled surgeries in the considered OR block (j, k) ∈ B,
we present results divided into groups with similar dimensions of the subin-
stances used to solve the subproblems Bjk for all parameter configurations
discussed so far (except the case α = 0.2 for the reason discussed above).
In Figure 3.8 we show the distribution of the subinstances with respect to
the number of surgeries scheduled in the same OR block, where we can ob-
serve a substantial difference between those related to the instance sets with
|W | = 500 and |W | = 1100, which leads to the different average number of
scheduled patients already discussed in Section 3.7.1. To present meaningful
and concise results, all subinstances have been divided into 4 groups with re-
spect to the 4 quartiles determined by the value of Ijk, that is 3–6, 7–8, 9–10,
and 11–17.

Results of the general performance of the three methods are reported in
Table 3.8, with the best value of N (N = 10) for the SAAN . Average values of
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Figure 3.8: Distribution of the cardinality of the sets Ijk (i.e., number of
patients scheduled in the same OR block) generated with all parameter con-
figurations.

objective function values and running times are divided into groups of subin-
stances. The first column (costs) indicates the two cost preferences chosen
for this analysis. In the second column (|Ijk|) we divide the subinstances with
respect to the 4 quartiles determined by the value of |Ijk|. Then, for each
subset I of subinstances, the third column (group) considers 3 further subsets
of subinstances for a fair comparison: I1 identifies the subinstances for which
all three methods provided feasible solutions, I2 contains the subinstances for
which both the SAAN and the BRKGA found a feasible solution, and I3 is
the set of subinstances such that the BRKGA was able to provide a feasible
solution (it holds that I1 ⊂ I2 ⊆ I3 ≡ I). The cardinality of groups I1, I2,
and I3 is reported in the fourth column (# inst.).

Contrary to what happens for the advance scheduling model, the SAA is
inadequate to solve the proposed SMIP model, with only 1.2% of the subin-
stances solved, all for lowest values of |Ijk|. In all other cases, the ILP model
implemented in Gurobi for the SAA method reaches the time limit before
finding a feasible solution or the computation ends due to out-of-memory, as
shown in Figure 3.9 for the two cost preferences and varying the number of
scheduled patients. Feasible solutions are found within the time limit only for
OR blocks with no more than |Ijk| = 6 patients, and the provided solutions
are poor with respect to those of the other approaches.

The SAAN is instead able to provide solutions for the 64.9% of all subin-
stances, and for all except one of those with |Ijk| ≤ 6, for which provides
results that are slightly better than those of the BRKGA. However, the frac-
tion of solved subproblems decreases when the number of scheduled patients
within the OR block increases, as shown in Figure 3.10(a). Similarly, the qual-
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Table 3.8: Objective function values (o.f.) and running time (secs) of the
SAA, the SAAN , and the BRKGA for the different cost preferences and groups
of subinstances.

SAA SAAN BRKGA
costs |Ijk| group # inst. o.f. secs o.f. secs o.f.

cg = 1/9
ch = 1/6

3-6 I1 58 28.24 300.00 22.18 65.08 23.17
I2 ≡ I3 1848 - - 22.16 300.00 22.47

7-8
I1 0 - - - - -
I2 813 - - 35.56 300.00 26.85
I3 1098 - - - - 25.67

9-10
I1 0 - - - - -
I2 337 - - 44.70 300.00 30.79
I3 955 - - - - 28.60

11-17
I1 0 - - - - -
I2 57 - - 46.93 300.00 27.63
I3 779 - - - - 26.17

cg = 1/3
ch = 1/3

3-6
I1 57 54.04 300.00 44.37 66.68 45.37
I2 1847 - - 43.97 300.00 44.12
I3 1848 - - - - 44.12

7-8
I1 0 - - - - -
I2 755 - - 55.67 300.00 45.02
I3 1098 - - - - 44.19

9-10
I1 0 - - - - -
I2 350 - - 63.62 300.00 47.22
I3 955 - - - - 45.94

11-17
I1 0 - - - - -
I2 63 - - 61.56 300.00 43.77
I3 779 - - - - 42.93

ity of the provided feasible solutions gets worse when |Ijk| increases, as shown
in Figure 3.10(b), where we compare the SAAN and the BRKGA in terms of
relative difference. This suggests using the proposed SMIP-based approach for
OR blocks with a small number of patients, while a metaheuristic is necessary
for larger instances.

As highlighted in Section 3.4.3, the encoding of the BRKGA has been de-
signed in such a way to provide only feasible solutions and to exploit the whole
running time exploring the search space. On the subinstance groups that allow
the comparison with the SAAN (i.e. I2), results suggest that the metaheuris-
tic is able to provide near-optimal solutions whose quality is not significantly
affected by the instance size. This can be viewed through a comparison with
the SAAN : while the average objective function values increase when using
such a method over increasing value of |Ijk|, the BRKGA provides solutions
with small fluctuations. This seems to mean that the number of surgeries to be
executed within the same OR block does not significantly affect the weighted
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Figure 3.9: Undesiderable behavior of SAA for the two cost preferences: per-
centage of instances that caused out-of-memory (O) issues and percentage of
instances that caused out-of-memory issues or for which no feasible solution
was found within the time limit (O + F).

sum of idle time, overtime, waiting, and cancellation costs. Consequently, the
higher the number of patients, the higher the difference between the average
objective function values of the SAAN and the BRKGA. No relevant difference
emerges between the two different cost preferences.

3.7.3 Trade-off among objectives: parameter variation

We execute a parameter variation experiment by selecting the solution with the
tighter gap of the overall objective function Z in (3.4) for every single instance
after solving all the defined subproblems. For every instance and specialty, we
get 9 different solutions of the assignment procedure, with different levels of
robustness and patient mix within the OR blocks, by using the CCIP model
A(α,β) with three different values of α and three different values of β, as
reported in Table 3.9. We combine each of those solutions with the best
obtained by solving the SMIP model Bjk through the proposed approaches
(i.e. between the SAAN and the BRKGA). At the end, for every OR block
we obtain 9 alternative final surgical schedules. Among those, we choose the
one with the minimum value of Z, that is the minimum weighted sum of the
5 defined costs (scheduling, cancellation, waiting, idle time, and overtime).

In Figure 3.11 we show the value of Z decomposed into the five different
types of costs for the parameter configurations in Table 3.9, the two instance
sets, and the two different cost preferences. The robustness parameter α gives
the most important contribution in determining the better parameter configu-
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Figure 3.10: Comparison between SAAN and BRKGA varying the subin-
stances size |Ijk|: (a) percentage of subinstances for which the SAAN does
not find feasible solution within the time limit; (b) relative difference of the
objective function value found with the BRKGA over those with the SAAN

(missing values |Ijk| = 16, 17 are due to no of feasible solution found within
the time limit by the SAAN ).

Table 3.9: IDs and parameters’ values of the configurations set for the param-
eter variation.

ID A1 B1 C1 A2 B2 C2 A3 B3 C3

α 0.05 0.10 0.15 0.05 0.10 0.15 0.05 0.10 0.15
β (1, 0, 0) (0, 1, 0) (0, 0, 1)

rations: the lower the robustness, the lower the overall objective function value
Z. In fact, differences in the total scheduling cost between more and less ro-
bust advance schedules are not sufficiently compensated by lower overtime and
cancellation costs got in the allocation schedules. Furthermore, small differ-
ences are obtained by enabling the three different proxies. Fixed the value of
α, the best configuration is always one between β = (1, 0, 0) and β = (0, 0, 1)
due to the reduction of the cancellation costs, which are the ones with the
higher variability among configurations. As a consequence, the configuration
α = 0.15 and β = (1, 0, 0) is the best for the instance set with |W | = 500 and
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(d) |W | = 1100, cg = ch = 1/3.

Figure 3.11: Comparing the 5 different costs and the overall objective function
value Z for different model parameter configurations (best is underlined).

cost preference cg = 1/9, ch = 1/6, while α = 0.15 and β = (0, 0, 1) provides
better results in all other cases.

We highlight the differences between final solutions provided by the use of
different proxies in the advance allocation model in Figures 3.12 to 3.14, by
reporting results of the instance set with |W | = 1100 as representative of the
general behavior.

In Figure 3.12 we represent the higher level of the hierarchical objective
function of A(α,β) on the x-axis (scheduling costs) and the objective func-

108



4.25 4.3 4.35 ·104

600

700

scheduling costs

ot
he

r
co

st
s

(a) cg = 1/9, ch = 1/6.

4.25 4.3 4.35 ·104

1,100

1,150

scheduling costs

ot
he

r
co

st
s

A1
A2
A3
B1
B2
B3
C1
C2
C3

(b) cg = 1/3, ch = 1/3.

Figure 3.12: Trade-off between scheduling costs and other costs (|W | = 1100).

tion of B on the y-axis (other costs) whose sum is Z. Here, the trade-off
between the minimization of the indirect waiting time and the ensemble of
other objectives is more evident: for a given value of β, it is not possible to
identify a value of α that is Pareto-dominated by another. Conversely, differ-
ent values of α lead to a different configuration of β that minimizes the overall
objective function. By enabling the first proxy (β = (1, 0, 0)), we minimize
the objective function value of B for α ≥ 0.15, but not for α = 0.05 (e.g. see
Figure 3.12(b)).

Nevertheless, it is important to highlight that also for the higher values of
α, the enabling of the third proxy (β = (0, 0, 1)) provides a lower overall objec-
tive function value. Theoretically, the hierarchical objective function of model
A(α,β) should always provide the same scheduling costs for a fixed value of
α. However, the high complexity of the advance scheduling model and the
setting of a time limit due to operational reasons lead to different scheduling
costs. Consequently, although the advance schedule obtained enabling the
first proxy seems to perform better in the allocation scheduling phase, at the
end of the day it is more convenient to adopt the third one because it provides
lower overall costs. We could define this phenomenon as the cost of complexity,
which leads to choosing a parameter configuration that is conditioned by the
fixed time limit and the complexity given by the different objective function
coefficients.

The positive impact of robustness over the direct waiting time and the
frequency of cancellations can be observed in Figure 3.13. Restricting the
evaluation on these two patient-centered indices, each of the parameter con-
figurations with the highest robustness (α = 0.05) is Pareto-optimal for the
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Figure 3.13: Trade-off between cancellation costs and waiting costs (|W | =
1100).

first cost preference (Figure 3.13(a)), with the third proxy that is a com-
promise between the other two. When α is fixed, the same trade-off among
proxies occurs in other cases (e.g. see configurations C1, C2, and C3 in Fig-
ure 3.13(b)), while in other cases the solution provided by enabling the third
proxy is Pareto-dominated by one of those obtained from the other two proxies
(e.g. in both graphs in Figure 3.13, B3 is dominated by B1).

Since we assigned a significantly higher weight to cancellations with respect
to reasonable direct waiting times and because of a larger order of magnitude
of the interval in which the resulting costs range, the first proxy has a more
important impact on both the objective function of B and the overall objective
function Z. We would say that in general waiting costs are not able to cope
with cancellation costs, so when both objectives are optimized simultaneously,
an implicit hierarchy is created between them.

With greater reason, the minimization of both direct and indirect waiting
times could make sense only in a hierarchical way when inpatients and out-
patients share ORs in operational contexts similar to the one considered in
our analysis. Since very long direct waiting times are needed to be reasonably
compared to the non-scheduling of a patient (i.e. to a higher indirect waiting
time), it is unlikely to find two Pareto-optimal solutions with different schedul-
ing costs. We expect that this can be extended to many operational contexts
in public health systems unless the unlikely situation in which available OR
capacity or overtime is sufficient to guarantee very short waiting lists.

Finally, the two facility-centered indices are represented on the two axis
of graphs in Figure 3.14. As expected, a higher idle time and lower overtime
correspond to a more robust advance schedule. Conversely, when we weaken
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Figure 3.14: Trade-off between idle time costs and overtime costs.

the chance constraints (3.1d) by increasing α, there is a higher expected over-
time but the ordinary OR block duration is also exploited more efficiently.
A further contribution to this strong trade-off is also given by the parameter
vector β. When α ≥ 0.15, the first proxy promotes more idle time and less
overtime than the other two proxies, which almost completely overlap.

We observe that the third proxy, which balances the expected surgery time
among the OR blocks of the same specialty, does not outperform the other
two proxies with respect to idle time and overtime. Although the balancing
of the cancellation costs and waiting costs has not been designed to act on
these two objectives, it emerges that such proxies offer a good balance of the
workload among OR blocks as a side effect. Nevertheless, the configuration
β = (0, 0, 1) is able to provide the minimum value of Z in 3 out of 4 of the
instance sets analyzed.

Finally, we design further parameter configurations by fixing β = (0, 0, 1)
(i.e. the best configuration for instance sets with |W | = 1100) and ranging
α ∈ [0.05, 0.1] with step 0.01. This choice is guided by the observation of
rather similar behaviors in the costs determined with α = 0.1 and α = 0.15
compared to the substantial difference with α = 0.05. Therefore, we enhance
our analysis by setting further robustness levels that allow us to evaluate
in more detail how the different costs evolve before stabilizing. Results are
illustrated in Figure 3.15, where we can observe a monotonic trend for all
considered criteria in our multi-objective optimization approach.
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Figure 3.15: Impact of robustness – further values of α (|W | = 1100, β =
(0, 0, 1)). Curve colors refer to costs as in the legend of Figure 3.11.

Table 3.10: Schedule indices of the best parameter configuration (|W | = 1100).

costs fin fout GIavg ĜI qavgin qavgout

cg = 1/9, ch = 1/6 0.5554 0.4446 0.4352 0.8813 118.0 322.7
cg = ch = 1/3 120.5 322.7

3.7.4 Inpatient and outpatients: general insights

Starting from the best parameter configurations found in Section 3.7.3, we can
analyze decisions concerning the selection, the mix, and the sequencing of the
two different types of elective patients, that is inpatients and outpatients. We
report results about the instance sets with |W | = 1100, but similar conclusions
can be made for |W | = 500. In Table 3.10 we report indices that give us
summarizing information about the selection and the mix of patients within
the OR blocks.

The first indices are the fraction of inpatients fin and outpatients fout
over the total, which deviates slightly from their distribution within instances
to the advantage of the former. Furthermore, we compute the average Gini
Index (GI), which is used in machine learning to evaluate the impurity of a
set whose elements can have different labels. Given an OR block (j, k) ∈ B,
such an index is computed as follow

GIjk = 1−
(

nin

|Ijk|

)2

−
(
nout

|Ijk|

)2

,
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where nin are nout the number of inpatients and outpatients scheduled in the
OR block (j, k), with nin + nout = |Ijk|. Then, we compute the average GI
over the whole set B and we get the value GIavg ∈ [0, 1/2], which is equal
to 0 if the two classes of patients are perfectly separated (i.e. inpatients and
outpatients are never scheduled into the same OR block) and rise up to 1/2
when they are mixed. However, since the two classes of patients do not have
the same cardinality, we can not have 1/2 as the maximum value of GI, then we
computed the value GImax ≤ 1/2 as an upper bound of the maximum average
GI, that is in correspondence of nin = fin|Ijk| for each (j, k) ∈ B (it is an
upper bound because the quantity fin|Ijk| can be fractional, while nin ∈ N0).
Finally, we compute the normalized index ĜI = GIavg/GImax that represents
an impurity index taking into account the distribution of the two scheduled
patient classes. As a result, we obtain an average GI equal to 0.4352 and
ĜI = 0.88, which indicate an almost perfect mix of inpatients and outpatients
in all the OR blocks. Furthermore, in Figure 3.16 we represents the values
of fin and ĜI corresponding to all parameter configurations over the same
instance set. Interestingly, the best configuration (C3) is also the one with the
highest value of ĜI, suggesting that an adequate balancing of inpatients and
outpatients in the same OR block provides better performance than allocating
different OR blocks to the two class of surgeries. More generally, we can
observe that higher levels of robustness lead to lower GIs, while proxies that
promote the minimization of cancellation costs and waiting costs lead to a
higher and a lower number of scheduled inpatients, respectively. In general,
results suggest that a grouping policy that separates inpatient and outpatient
surgeries in dedicated OR block is far from being a good strategy with respect
to the considered criteria and their weights.

The last managerial insight emerging from our analysis is about the se-
quencing and the timing of the two classes of patients. The average scheduled
starting times qavgin and qavgout of inpatients and outpatients are very different,
suggesting a strong preference for scheduling inpatients at the beginning of the
OR block and outpatients in the last positions. This behavior can be observed
more in detail in Figure 3.17, where the two distributions of the scheduled
starting time are significantly different. This can be motivated by the un-
balanced weights of cancellations and direct waiting time already discussed
and shown in Figure 3.13. Since surgeries scheduled at the end of the OR
block are affected by both a higher probability of cancellation and a higher
expected direct waiting time, the higher costs of cancellations with respect to
the waiting costs promote the precedence of inpatients over outpatients. The
effect is similar to that of pooling, which is a common strategy used to se-
quence surgeries with different characteristics [141]. Furthermore, the pooling
effect is slightly attenuated by increasing idle time and overtime costs (e.g.
comparing the boxplots of cg = ch = 1/3 with those of cg = 1/9, ch = 1/6),
which reduces the weight of cancellations with respect to the overall objective
function Z.
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Figure 3.16: Comparing the fraction of the scheduled inpatients and the nor-
malized average GI of all parameters configurations.

0 200 400 min

(a) cg = 1/9, ch = 1/6.

0 200 400 min

(b) cg = 1/3, ch = 1/3.

Figure 3.17: Boxplots representing scheduled starting time for inpatients (light
gray) and outpatients (dark gray).

The impact of positioning inpatients before outpatients in the same OR
blocks on waiting times and cancellations is shown in Figures 3.18 and 3.19,
respectively. Although the average direct waiting times of inpatients and
outpatients differ by only 2 min, the distributions are significantly different,
with a higher variance in the direct waiting times of inpatients. This counter-
intuitive behavior could be caused by the impact of the insertion of emergency
patients. Although they have an immediate consequence on patients scheduled
immediately after their arrival, the delay caused could be mitigated by slack
times and no-shows. As a result, patients at the end of the session (usually
outpatients) could benefit from this mitigation, while there is less margin for
previous ones.

Contrarily, an expected consequence arises about the probability of surg-

114



0 10 20 min

(a) cg = 1/9, ch = 1/6.

0 10 20 min

(b) cg = 1/3, ch = 1/3.

Figure 3.18: Boxplots representing direct waiting time for inpatients (light
gray) and outpatients (dark gray).

0 0.05 0.1 0.15

(a) cg = 1/9, ch = 1/6.

0 0.05 0.1 0.15

(b) cg = 1/3, ch = 1/3.

Figure 3.19: Boxplots representing probability of cancellation for inpatients
(light gray) and outpatients (dark gray).

eries being canceled. As it can be observed in Figure 3.19, such a probability
is significantly higher for outpatient surgeries compared to inpatient surgeries,
which is always negligible except for several outliers.

3.7.5 Emergency patients: simulation

In this section we perform an analysis to provide: (i) a comparison between the
average waiting time of emergency patients when they are inserted in OR block
assigned to different specialties and within a schedule with different levels of
robustness, and (ii) a measure of the impact of relaxing the assumption about
the insertion of at most one emergency patient per OR block. The second
analysis has been made through a straightforward DES model in Python 3.10,
where emergency patients are generated in accordance with the assumption of
the presented model or with a Poisson distribution with the same mean of the
Bernoulli distribution described in Section 3.6.1. As well as in the previous
operational context, all emergency patients are inserted with the as soon as
possible policy within the schedule computed under the assumption of having
at most one emergency patient.
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Results in Tables 3.11 and 3.12 for the two cost preferences show how
robust solutions lead to slightly shorter waiting times for emergency surgeries.
This is due to a higher idle time, during which the emergency patient could
arrive and be inserted without waiting for the end of the current surgery in the
assigned OR block. Furthermore, such waiting times slightly increase when it
is allowed insertion of more than one emergency patient per OR block, with
the insertion of the first emergency patient which causes a longer expected
wait for the following ones.

Finally, we observe that the assumption about the insertion of at most one
emergency surgery per OR block does not have a large impact on the quality of
the solutions. The worsening of the objective function value of the allocation
scheduling SMIP model B (column o.f.) is increased by about 2.5 units,
mainly due to over time costs, and it is quite constant among the different
parameter configurations, without having a significant impact on the overall
performance.

3.8 Conclusions

In this work we presented a two-step stochastic optimization framework for the
surgical schedule problem of operating theaters from the perspective of elec-
tive patients, modeling and analyzing two particular classes of patients with
different characteristics and preferences, that is inpatients and outpatients.
Three different uncertainty factors were considered, namely the duration of
the surgeries, the arrival of emergency patients, and no-shows. The aim of
the new proposed approach is to provide a decision support tool for the op-
erational context in which these two classes of patients shares ORs and to
present a quantitative analysis in which research questions emerged in recent
literature reviews of OR planning and scheduling.

A CCIP model has been proposed to solve allocation scheduling by setting
parameters that determine the robustness of the schedule with respect to can-
cellations and the OR block patient mix. Starting from a solution obtained in
the first phase, a SMIP model allows us to fix the sequencing and the timing
of the surgical procedures. At the end, among all the parameter configura-
tions, we choose the one that minimizes an objective function including costs
associated with direct and indirect waiting time, cancellations, idle time, and
overtime.

Monte Carlo sampling has been adopted to solve the two proposed mathe-
matical programming models with a general-purpose solver. While it resulted
to be a methodology capable of providing near-optimal advance scheduling so-
lutions in reasonable times with respect to the application context, the classic
SAA proved to be completely inadequate in solving the allocation schedul-
ing SMIP model, due to its high computational complexity. Therefore, two
alternative techniques have been proposed: the N -fold SAA as a variant of
SAA that is effective on small-size instances and the BRKGA with a custom
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encoding that outperforms the other approaches on medium- and large-size
instances.

Several interesting results emerged from the quantitative analysis, based
on real data from a Norwegian hospital, enriched with a realistic generation
of missing but useful information for the purposes of our study. Although the
construction of robust surgical schedules effectively guarantees a reduction in
cancellation costs, this entails a worsening of the costs associated with indirect
waiting time and idle time. This worsening is such as providing solutions that
are inefficient and not preferable to those obtained by setting a low robustness
level. Consequently, a real trade-off between direct and indirect waiting time
seems to be almost absent, since the scheduling costs have an order of mag-
nitude much higher than the waiting costs in common operational contexts.
This suggests that when inpatients and outpatients share ORs, indirect and
direct waiting times could be optimized in a hierarchical way, with the former
at the upper level and the latter at the bottom level.

The analysis of the three different proxies proposed to promote the com-
position of different patient mixes within the OR blocks allowed us to evaluate
the impact of balancing the patients with the highest cancellation and waiting
costs between the OR blocks, or to balance the their total expected duration.
Once again, direct waiting time turned out to be the least driving criterion,
since the best configuration for different instance sets always resulted in the
enabling of proxies designed to minimize cancellations and balance idle time
and overtime. However, in this case, the orders of magnitude were compara-
ble, and therefore different operational contexts or preferences of the decision-
maker could lead to other types of choices. Nonetheless, a general managerial
insight concerns the composition of the schedules that have performed better,
in which inpatients and outpatients are indifferently scheduled in the same OR
blocks, with those of the former type sequenced at the beginning and those of
the latter type scheduled at the end, with an effect very similar to a pooling
strategy.

Future research developments can follow three different directions. First,
the analysis for which the proposed approach was designed can be adapted
to real case studies with sufficient information to identify real surgical pro-
cedures and their duration. Such information could be exploited by machine
learning models for the prediction of the duration of the interventions and of
the probability of no-shows of particular classes of patients. New proxies can
be identified or the proposed ones can be combined (i.e. through different
weights) to define different patient mixes within the OR blocks. Furthermore,
the impact of optimizing the OR scheduling week-by-week over time [1, 6] with
the proposed stochastic optimization framework deserves to be studied.

From a modeling point of view, a further generalization of the stochas-
tic optimization framework could include the availability of downstream and
upstream resources, whose allocation to inpatients and outpatients follows
different needs. Furthermore, different overtime allocation policies could be
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implemented, as well as the impact of other non-elective patient admission
rules (e.g. see [47, 46, 56, 123]) could be investigated. From a methodological
perspective, the proposed approach can be extended by simultaneously solving
advance scheduling and allocation scheduling by designing metaheuristics able
to address the high complexity of the problem.
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4
ON THE EXACTNESS OF JABR–LIKE MODELS AND
DISTRIBUTIONALLY ROBUST OPTIMAL POWER
FLOW

4.1 Introduction

Carpentier introduced the Optimal Power Flow problem (OPF) as an exten-
sion of the problem of optimal economic dispatch of generation in electric
power systems [38], with his key contribution being the inclusion of the elec-
tric power flow equations in the set of equality constraints. This defining featur
remains central to the OPF problem today. A power flow study determines
the voltages, currents, and real and reactive power flows in an electric network
under given load conditions. The goal of an OPF problem is to minimize gener-
ation costs, losses, emissions, and constraint violations. The OPF problem, in
its most realistic form, is complex: it is large–scale, non–smooth, non–convex,
and nonlinear. It generally has multiple local minima and a corresponding
feasibility problem that is strongly NP–hard [23].

The transportation of power from generating plants (generators) to users
(loads) occurs by means of a network, called power grid, whose nodes and edges
are called buses and lines, respectively. A bus may host at the same time both
generators and loads. Electrical network may transport Direct Current (DC)
or Alternating Current (AC). In direct current, the electric charge (current)
only flows in one direction. Electric charge in alternating current, on the other
hand, changes direction periodically. DC is generally used in small electronic
devices while the transportation of power on any geographical area is typically
based on AC. The complexity of the model makes it challenging to understand
its relationship with the characteristics of its inherent graph structure of the
network.

In addition, with emerging technologies like renewable generation, batter-
ies, and electric vehicles [40, 126, 102] to tackle climate change, the problem
further grows in complexity since OPF problems are needed to adapt to new
stochastic variables in energy production and consumption. Future power
networks will require more sophisticated methods for managing risks at both
transmission and distribution levels. This new class of problems is called
stochastic OPF. Various approaches have been developed to tackle this prob-
lem. Many formulations assume that uncertain forecast errors follow a pre-
scribed probability distribution [22] however such assumptions can often fail
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in weather prediction. In this work, we adopt a different approach, that is to
formulate a stochastic OPF as a minimization problem over a Wasserstein ball
in the infinite–dimensional space of multivariate probability distributions [61],
which uses duality results in optimal transport developed in [99].

Another important aspects of OPF regards the topology of the network.
Although strong relaxations are well–known for the radial case [70], the pres-
ence of cycles complicates the models and necessitates the inclusion of addi-
tional constraints. These constraints are usually formulated by introducing
new branches in the network, in order to reduce the degree of the associated
polynomial [81, 103]. On the other hand, these new branches add on the num-
ber of cycles, and so the number of constraints that must be added to the
model. In this work, we discuss two possible methods to handle the cycles of
the network directly, without the need of introducing new branches.

This work is divided into two parts, each of which tackles one of the prob-
lems discussed above: in Section 4.2 we describe the OPF model, and we derive
an accurate model of a distributionally robust OPF. We validate this model
with a standard OPF example, modified with the introduction of renewable
energy source. In Section 4.3, we focus on a theoretical study of the topology of
the network, describing additional constraints on Jabr–like relaxation models
and deriving some linearizations based on multilinear relaxation approaches.

4.2 Distributionally robust OPF

For the OPF model construction we define the network as the directed graph
(B,L) where B is the set of buses and and L ⊂ B×B is the set of branches
of the network and for each adjacent buses k,m both (k,m) and (m, k) are
in L. So the line l adjacent to k,m is modeled by two edges in the arc
{(k,m), (m, k)}. L can be partitioned in L0 and L1 with |L0| = |L1| where ev-
ery line l, adjacent to the buses k,m and with a transformer at k, is oriented so
that (k,m) ∈ L0 and (m, k) ∈ L1. We also consider a set G of generators, par-
titioned into (possibly empty) subsets Gk for every bus k ∈ B. In Alternating
Current Optimal Power Flow (ACOPF) all voltages and currents are sinusoids
with fixed magnitude, frequency, and phase shift. Under these conditions the
time domain differential equations governing the voltages and currents of the
system can be transformed into a set of complex algebraic equations. The
frequency f of a signal is fixed, therefore it is not considered in such transfor-
mation. The phasor of the sinusodial function c sin (2πft+ γ) is the complex
value cejγ . We note that the imaginary part of the phasor corresponds to the
sinusoidal function at t = 0 and therefore the phasor univocally represents
the sinusoidal function. We denote the phase current on the line l adjacent
to the buses k,m by Ikm, voltage at bus k by Vk = |Vk|eiδk , where |Vk| is
the voltage magnitude and δk is the voltage angle or voltage phase at bus k.
Situations where the magnitudes are zero typically represent exceptional cases
like faults or open circuits. In normal system analysis and operation, voltages
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are assumed to be nonzero, allowing voltage angles to be well–defined. The
power injected in l at k is denoted by Skm = Pkm + iQkm ∈ C, where the real
and imaginary parts Pkm and Qkm are called real power and reactive power
respectively. Considering the cartesian representation of the admittance ma-
trix Y = G + iB, we derive the classical convex Jabr relaxation [70] of the
OPF problem:

inf
PG
g ,QG

g ,ckm,

skm,Skm

∑
g∈G

Fg(P
G
g ) (4.1a)

s.t. c2km + s2km = ckkcmm, (4.1b)
Pkm + Pkm ≥ 0, (4.1c)
Pkm = Gkkckk +Gkmckm +Bkmskm, (4.1d)
Qkm = −Bkkckk −Bkmckm +Gkmskm, (4.1e)
Skm = Pkm + jQkm, (4.1f)∑
km∈L

Skm + PL
k + iQL

k =
∑

g∈G(k)

PG
g + i

∑
g∈G(k)

QG
g , (4.1g)

P 2
km + S2

km ≤ Ukm, (4.1h)

V min2

k ≤ |ckk| ≤ V max2

k , (4.1i)
Pmin
g ≤ PG

g ≤ Pmax
g , (4.1j)

Qmin
g ≤ QG

g ≤ Qmax
g , (4.1k)

ckk ≥ 0, (4.1l)
V max
k V max

m ≥ ckm ≥ 0, (4.1m)
− V max

k V max
m ≤ skm ≤ V max

k V max
m , (4.1n)

ckm = cmk, skm = −smk. (4.1o)

We denote with Jabr equality relaxation the model (4.1). We also define two
other models,

(4.1) but with c2km + s2km ≤ ckkcmm instead of (4.1b), (4.2)
(4.1) but with c2km + s2km ≥ ckkcmm instead of (4.1b), (4.3)

and we denote (4.2) as Jabr convex relaxation and (4.3) as Jabr concave re-
laxation.

In day–ahead models, taking into account errors in the prediction of loads
and of power production of renewable energy sources is crucial. The distribu-
tion of the prediction errors can vary greatly depending upon the time of the
year. Consequently, when determining the distribution of predictive errors,
it is practical to use data that is temporally proximate, often resulting in a
limited dataset. Given this constraint, it is crucial for the adopted policy to
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showcase robust out–of–sample performances. This is translated into trying
to find the policy which minimizes the cost over the worst case of plausible
prediction errors. We first formulate a general stochastic OPF problem as
a distributionally robust stochastic optimal control problem. We then con-
struct a version of this model starting from a relaxed version of the Jabr OPF
model (4.1) and then apply finite reduction results. We conclude this section
with the numerical results of our implementation applied to a variant of the
IEEE 118-bus test system.

The Distributionally robust (DRO) OPF formulation we consider will be
in the following form. Let xt ∈ Rn denote a state vector at time t that includes
the internal states of all devices in the network, and let ξt ∈ RNξ denote a
random vector in a probability space (Ω,F ,Pt) that includes forecast errors
of all uncertainties in the network

inf
π∈Π

sup
P∈P

EP
T∑

t=0

ht(xt, ξt) (4.4a)

s.t. xt = π(x0, ..., xt−1, ξt,Dt), (4.4b)
xt ∈ Xt. (4.4c)

The set Xt denotes the set of feasible state of the network while Π is the set
of admissable policies. Some constraints may be modeled deterministically as
contraints on set Π and others may be included as risk terms in the objective
function. Note that the ambiguity set P is crucial in this framework. Ideally,
the ambiguity set should have a high confidence of containing the true data-
generating distribution. At the same time, it should exclude pathological
distributions that could lead to overly conservative decisions. Furthermore,
it is desirable for the ambiguity set to allow for a tractable reformulation
of the problem from a computational perspective, enabling efficient solution
approaches. In this work we define the ambiguity set as a ball centered on the
inferred from data probability P̂ in the space of probability distributions by
using as the probability distance function the Wasserstein metric.

We now aim to build a model satistying the Convexity Assumption [99,
Assumption 4.1] in order to apply Kuhn’s finite reduction result [99, Theo-
rem 4.2]. Since many of the constraints in the polar OPF problem are not
concave, we first consider the Jabr concave relaxation (4.3).

4.2.1 Parameters and decision variables

For each variable in the model, we introduce an additional variable for each
time step: ctkm, stkm, PG

tk, Q
G
tk, Stkm. We use the term “stochastic variables”

to refer to the variables in the model that depend on the prediction errors
ξt. These variables can be classified into two categories: those that directly
depend on the prediction errors and those that depend indirectly through the
policy π.
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The first category includes variables like the power generation St
k at each

renewable generator k ∈ Gr, which are directly influenced by the uncertainty
introduced by the prediction errors.

The second category comprises variables related to traditional generators
and the values of c and s. These variables are influenced by the policy π, which
acts as a correction based on the observed prediction errors. The policy adjusts
the planned energy production of the network to account for the uncertainty
introduced by the prediction errors.

By incorporating both direct and indirect dependencies on the prediction
errors, the stochastic variables provide a comprehensive representation of the
system’s behavior under uncertainty.

1. Renewable generators. For each renewable generator k ∈ R, the gener-
ated power is decomposed as PG

tk = PGn
tk + PGe

tk (ξt) and QG
tk = QGn

tk +
QGe

tk (ξt), where PGn
tk , QGn

tk represent the predicted power generation at
bus t and bus k, and PGe

tk (ξt), Q
Ge
tk (ξt) are stochastic variables that cor-

respond to the coordinates of the random vector ξt representing the error
predictions at time t.

2. Traditional generators. Let PG
t , QG

t ∈ RCG be the vectors representing
the real and reactive power generation at time t for each traditional
generator. We model the time interdependencies through affine policies
as follows: PG

tk = PGe
tk ξt + PGn

t , where PGn
t ∈ Rt can be interpreted as

a nominal schedule and PGe
t k ∈ RNξ represents the reserve policy.

3. c and s variables. The variables ctkm are defined as follows. ctkm =
cetkmξt+cntkm for all t = 1, . . . , T and {k,m} ∈ L if k 6= m or k = m ∈ B.
entkm ∈ R represents the nominal schedule and cetkm ∈ RNξ represents the
adjustment policy. Analogously we define stkm as stkm := setkmξt+sntkm.

The affine policy function is represented by the list:

π = (PGn
h , PGe

h , QGn
h , cetkm, cntkm, setkm, sntkm)

for all t = 1, . . . , T , h ∈ Gt, and k,m ∈ L if k 6= m or k = m ∈ B.

4.2.2 Contraints definition

All the constraints in (4.3) must hold for each time t = 1, . . . , T . Thus,
considering time dependency and combining (4.1d)–(4.1f), we have:

PGn
tk + PGe

tk ξt − P d
tk =

∑
km∈δ(k)

Ptkm =

=
∑

km∈δ(k)

(Gkkctkk +Gkmctkm +Bkmstkm) = mP
k

(
ct
st

)
,
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where ct ∈ RB
⊔

L is the vector with coordinates (ct)k := ctkk ∀k ∈ B and
(ct)kh := ctkh ∀kh ∈ L, st ∈ RL is the vector with coordinates (st)kh :=

stkh ∀kh ∈ L, and mP
k ∈ RB×L×L′ , with L′ := L, is the vector inducing

the second equation with coordinates for all h ∈ B, (mP
k )h = Ghh, for all

kh ∈ δ(k) ⊂ L, (mP
k )kh = Gkm, and for all kh ∈ δ(k) ⊂ L′, (mP

k )kh = Bkh.
Since ct = cnt + cetξt, where cet ∈ R(B

⊔
L)×Nξ is the matrix with rows (cet )h :=

ceth ∀h ∈ B and (cet )hk = cethk ∀hk ∈ L, and st ∈ RL×Nξ is analogously defined
by stacking sethk ∀hk ∈ L. Thus we obtain:

PGn
tk + PGe

tk ξt − P d
tk −mP

k

(
cnt
snt

)
−mP

k

(
cet
set

)
ξt = 0.

Since this constraint must hold for all possible realizations of ξt and therefore
for all ξt ∈ Ξ, we obtain the following equivalent constraints for all k ∈ B:

PGn
tk − P d

tk −mP
k

(
cnt
snt

)
= 0, (4.5a)

PGe
tk −mP

k

(
cet
set

)
= 0. (4.5b)

Constraint (4.5a) means that the nominal values cnt must be a solution of (4.3)
substituting the variables of renewable power generation with their prediction
at time t, while constraint (4.5b) regards the components PGe

tk , cet and set of
the policy π. We apply the same procedure to the reactive power in the
equation (4.1g) and thus obtain the following analogous constraints for all
k ∈ B:

QGn
tk −Qd

tk −mQ
k

(
cnt
snt

)
= 0, (4.6a)

QGe
tk −mQ

k

(
cet
set

)
= 0. (4.6b)

4.2.3 Inequality affine constraints

In [62], bounds on the wind power forecast errors, denoted as ξτ , were not
explicitly set. Specifically, the ambiguity set Ξ extends over the entirety of
RNξ . However, in this section, we consider the potential advantages of viewing
the set Ξ as a compact polytope. Given the inherent limits of wind energy
production and the consequent bounds on its forecasting error, it is practical to
see Ξ as finite. This perspective provides a distinct advantage: the ambiguity
set Bε(P̂N ) excludes implausible extreme distributions. For instance, scenarios
where forecast error surpasses the maximal potential output of wind generators
are disregarded.

Additionally, when the polytope is defined as Ξ := {y ∈ RNξ | Hy ≤ d},
has its symmetry point at 0 ∈ RNξ , and when the matrix H ∈ R2Nξ×Nξ is
full rank, the affine inequality constraints given in (4.3) can be expressed as
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constraints on the ‖ · ‖1-norm of the policy π. To see this, consider an affine
inequality constraint in the form:

A(π)ξ + b(π) ≤ M, ∀ξ ∈ Ξ, (4.7)
with the condition that m ≤ b(π) ≤ M . If we rewrite (4.7) as

A(π)ξ ≤ M − b(π), ∀ξ ∈ Ξ,

and let r := M − b(π), then (4.7) is satisfied if and only if A(π)ξ ∈ Br(0) for
all ε in Ξ, given the fact that 0 is a symmetry point of Ξ. If H is a 2Nξ ×Nξ

full-rank matrix, a linear isomorphism L : RNξ → RNξ exists such that the
‖ · ‖∞-norm ball maps to Ξ. Hence, A(π)ξ belongs to Br(0) ∀ξ ∈ Ξ if and only
if A(π)Lx ∈ Br(0) ∀x ∈ B

∥·∥∞
r (0). This holds true only when the function

A(π)L from (RNξ , ‖ · ‖∞) to R has a continuity norm ‖‖1 no greater than r.
Thus, constraint (4.7) reduces to:

‖A(π)L‖1 ≤ r = |M − b(π)|,

translating to a set of finite affine constraints on the policy π. Specifically,
we apply this to constraints on voltage and power generation magnitudes. In
our model we consider the ambiguity set to be in the form Ξ = [−E1, E1] ×
[−E2, E2] × [−E3, E3]. In this case L is the linear isomorphism associated
to the 3 × 3 diagonal matrix having as entries E1, E2, E3. We consider the
constraint on the power generation at the generator g ∈ G:

Pmin
g ≤ PG

g = PGn
g + PGe

g ξ ≤ Pmax
g ∀ξ ∈ Ξ,

which is a constraint in the form (4.7) and thus we obtain the following equiv-
alent constraints:

‖PGe
g L‖1 ≤ PGn

g − Pmin
g , (4.8a)

‖PGe
g L‖1 ≤ Pmax

g − PGn
g . (4.8b)

Similarly, for the voltage magnitude constraints in MW, where b̄ ∈ B is the
reference bus, we have for each bus b ∈ B:

V min2

b cbb ≤ cbb ≤ V max2

b cbb,

thus
V min2

b (cnbb + cnbbξ) ≤ cnbb + cebbξ ≤ V max2

b (cnbb + cnbbξ) ∀ξ ∈ Ξ,

which is equivalent to:

‖(cebb − V max2

b cebb)L‖1 ≤ V max2

b cnbb − cnbb, (4.9a)

‖(cebb − V min2

b cebb)L‖1 ≤ cnbb − V max2

b cnbb. (4.9b)
We observe from these equations that policies lean towards conservative

values when b (the nominal value) approaches the constraint boundary, en-
suring non-violation, while adopting a larger continuity norm otherwise. We
note that a similar reasoning can be easily done with the ‖ · ‖p−norm of the
policy, with p ∈ [1,+∞], instead of the ‖ · ‖1−norm.
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4.2.4 Conditional Value at Risk

We will consider constraint violations of nonlinear constraints in terms of a loss
function C(π, ξ). We can treat C(π, ξ) as a random variable. If we designate
α as an acceptable loss, P(C(π, ξ) > α) represents the probability of violating
the acceptable loss α with the policy π. Viceversa we can also consider, given a
risk level β ∈ [0, 1], the Value at Risk (VaR) αβ(π) = inf{α ∈ R | P(C(π, ξ) >
α) ≤ β} which corresponds to the minimum loss α with a probability smaller
than β of being exceeded. The Conditional Value at Risk (CVaR) with risk
level β is defined φβ(π) =

1
β

∫
C(π,ξ)≥αβ(x)

f(π, ξ)dP and represents the average
loss exceeding αβ(π). By [112, Theorem 1], the CVaR with risk level β can be
determined form the formula:

Φβ = inf
τ∈R

EP[τ +
1

α
[f(π, ξ)− τ ]+].

4.2.5 Objective Function Definition

The objective function of the DRO OPF model (4.10) comprises a weighted
sum of an operational cost function and a constraint violation risk function:

ht = J t
Cost + ρJ t

Risk,

where ρ ∈ R+ is a weight that quantifies the network operator’s risk aver-
sion. The operational cost is assumed to be linear or convex quadratic:

J t
Cost =

∑
g∈G

c1,g(P
G
g )2 + c2,gP

G
g + c3,g,

which captures nominal and reserve costs of responding to wind energy
forecast errors.

Affine inequality constraints such as (4.1c) and concave constraints such
as (4.1b) cannot be expressed as constraints on the policy π as done for the
affine equality constraints of the model. We group each of these constraints
in the set Ct. We model the constraints in Ct as components of the constraint
violation risk function using the CVaR. Each constraint c in Ct can be written
in the form Ctc(π, ξt) ≤ 0 with Ctc affine (concave) with respect to ξt if the
corresponding constraint c is affine (concave). The CVaR with risk level β of
each individual constraint in the set Ct is given by

inf
σtc

1

σtp
Eξt{[Ctc(π, ξt) + σtc]+ − σtpβ}.

Thus, we obtain the following distributionally robust total CVaR objective:

Ĵ t
Risk = inf

σtp

T∑
t=0

∑
c∈Ct

sup
Qt∈P̂Ns

t

1

σtp
EQt [{[Ctc(π, ξt) + σtc]+ − σtpβ}].
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We observe that the functions inside the expectations can be expressed as
the maximum of affine or concave functions respect to ξt:

[Ctc(π, ξt) + σtc]+ − σtpβ = max{Ctc(π, ξt) + (1− β)σtc,−σtcβ}}
for all c ∈ Ct.

4.2.6 Pre–reduction model

We obtain the following model with optimization variables the components
defining the affine function π = (PGn

h , PGe
h , , QGn

h , cetkm, cntkm, setkm, sntkm) for
all t = 1, . . . , T , h ∈ Gt, and k,m ∈ L if k 6= m and for all k = m ∈ B:

inf
π∈Πaff,σt

c

T∑
t=0

{
E
[
Ĵ t

Cost

]
+ ρ

∑
c∈Ct

sup
Qt∈P̂Ns

t

EQt

[
max{Ctc(π, ξt)

+ (1− β)σtc,−σtcβ}
]}

(4.10a)

s.t. ∀k ∈ B, t = 1, ..., T :

PGn
tk − P d

tk −mP
k

(
cnt
snt

)
= 0, (4.10b)

PGe
tk −mP

k

(
cet
set

)
= 0, (4.10c)

QGn
tk −Qd

tk −mQ
k

(
cnt
snt

)
= 0, (4.10d)

QGe
tk −mQ

k

(
cet
set

)
= 0, (4.10e)

‖PGe
tg L‖∞ ≤ PGn

tg − Pmin
g , (4.10f)

‖PGe
tg L‖∞ ≤ Pmax

g − PGn
tg , (4.10g)

‖(cetbb − V max2

b cetbb)L‖∞ ≤ V max2

b cntbb − cntbb, (4.10h)

‖(cetbb − V min2

b cetbb)L‖∞ ≤ cntbb − V min2

b cntbb, (4.10i)

where E[Ĵ t
Cost] represents the mean cost over the empirical distribution P̂Ns .

4.2.7 Finite reduction

Problem (4.10) is an optimization problem over an infinite dimensional vector
field P̂Ns

t . To make make the problem tractable, we use results from Kuhn et
al. [99] to reformulate

sup
Qt∈P̂Ns

t

EQt

[
ρmax{Ctc(π, ξt) + (1− β)σtc,−σtcβ}

]
(4.11)
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as a finite dimensional convex program. Whenever Ctc(π, ξt) is affine, we can
utilize the reduction result for piecewise affine functions [99, Corollary 5.1],
and whenever Ctc(π, ξt) is concave with respect to ξt, we will employ [99,
Theorem 4.2].

Let us consider the first case. Let c ∈ Ct be an affine constraint then we
can write Ctc(π, ξt) = Atc(π)ξt+ btc(π) for some Atc(π) ∈ RNξ and btc(π) ∈ R
both depending linearly on π. Thus applying [99, Corollary 5.1] we obtain
that (4.11) is equal to the infimum:

inf
λc
t ,s

c
ti,γ

c
tik

λc
t +

1

Ns

Ns∑
i=1

scti, (4.12a)

s.t. ρ(btc(π) + (1− β)σtc + 〈Atc, ξ̂t〉+ 〈γc
ti1, d−Hξ̂i〉) ≤ scti, (4.12b)

ρ(−σtcβ + 〈γc
ti2, d−Hξ̂i〉) ≤ scti, (4.12c)

‖HT γti1 − ρAtc(π)‖∞ ≤ λc
t , (4.12d)

‖HT γti1‖∞ ≤ λc
t , (4.12e)

γtik ≥ 0. (4.12f)

Let us now consider the case where Ctc(π, ξt), of a constraint c ∈ Ct, is concave
with respect to ξt and π, then the maximum in (4.11) is the maximum of a con-
cave and an affine function. Therefore, using [99, Theorem 4.2], problem (4.11)
is equal to the following infimum:

inf
λc
t ,s

c
ti,

γc
tik

λc
t +

1

Ns

Ns∑
i=1

scti (4.13a)

s.t. ρ
(
[−Ctc(π, ξt) + (β − 1)σtc]

∗ (zci1 − νc
ti1)

+ σΞ(νti1)− 〈zcti1, ξ̂i〉
)
≤ scti,

(4.13b)

ρ
(
[−δtcβ]

∗(zci2 − νc
ti2) + σΞ(νti1)− 〈zcti1, ξ̂i〉

)
≤ scti, (4.13c)

‖zcik‖∞ ≤ λc
t . (4.13d)

We observe that the infimum corresponds to the optimal value of a convex
problem since [−`tk]

∗ is convex. Finally, by substituting (4.12) and (4.13)
into (4.10), we obtain the equivalent finite dimensional convex reformulation
of Problem (4.10)

inf
π∈Πaff,

σt
c,λ

c
t ,

scti,γ
c
tik

T∑
t=0

{
E
[
Ĵ t

Cost

]
+ ρ

∑
c∈Ct

λc
t +

1

Ns

Ns∑
i=1

scti (4.14a)

s.t. ∀k ∈ B, t = 1, ..., T :
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PGn
tk − P d

tk −mP
k

(
cnt
snt

)
= 0, (4.14b)

PGe
tk −mP

k

(
cet
set

)
= 0, (4.14c)

QGn
tk −Qd

tk −mQ
k

(
cnt
snt

)
= 0, (4.14d)

QGe
tk −mQ

k

(
cet
set

)
= 0, (4.14e)

‖PGe
tg L‖∞ ≤ PGn

tg − Pmin
g , (4.14f)

‖PGe
tg L‖∞ ≤ Pmax

g − PGn
tg , (4.14g)

‖(cetbb − V max2

b cetbb)L‖∞ ≤ V max2

b cntbb − cntbb, (4.14h)

‖(cetbb − V min2

b cetbb)L‖∞ ≤ cntbb − V max2

b cntbb, (4.14i)
∀c ∈ Ct concave constraints:

s.t. ρ
(
[−Ctc(π, ξt) + (β − 1)σtc]

∗ (zci1 − νc
ti1)

+ σΞ(νti1)− 〈zcti1, ξ̂i〉
)
≤ scti,

(4.14j)

ρ
(
[−δtcβ]

∗(zci2 − νc
ti2) + σΞ(νti1)− 〈zcti1, ξ̂i〉

)
≤ scti, (4.14k)

‖zcik‖∞ ≤ λc
t , (4.14l)

∀c ∈ Ct affine constraints:
ρ(btc(π) + (1− β)σtc + 〈Atc, ξ̂t〉+ 〈γc

ti1, d−Hξ̂i〉) ≤ scti, (4.14m)
ρ(−σtcβ + 〈γc

ti2, d.Hξ̂i〉) ≤ scti, (4.14n)
‖HT γti1 − ρAtc(π)‖∞ ≤ λc

t , (4.14o)
‖HT γti1‖∞ ≤ λc

t , (4.14p)
γtik ≥ 0. (4.14q)

Example 4. As a concrete example, we illustrate the modeling of the power
loss inequality constraint (4.1c) within our DRO OPF framework. This in-
volves expanding the expressions of Ptkh and Pthk as follows

0 ≥− Ptkh − Pthk =

=−Gkkckk −Gkhctkh −Bkhstkh −Ghhcthh −Ghkcthk −Bhksthk =

=− (Ghk +Gkh)ctkh − (Bkh −Bhk)stkh −Gkkctkk −Ghhcthh

=− (Ghk +Gkh)(c
n
tkh + cetkhξt)− (Bkh −Bhk)(s

n
tkh + setkhξt)+

−Gkk(c
n
tkk + cetkkξt)−Ghh(c

n
thh + cethhξt) = Ctc̄(π, ξt).

Thus the power loss inequality constraint can be written as Ctc(π, ξt) =
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Atc(π)ξt + btc(π) ≤ 0 with Atc(π) an btc(π) defined as follows:

Atc(π) = − [(Ghk +Gkh)c
e
tkh + (Bkh −Bhk)s

e
tkh −Gkkc

e
tkk −Ghhc

e
thh] ,

btc(π) = − [(Ghk +Gkh)c
n
tkh + (Bkh −Bhk)s

n
tkh −Gkkc

n
tkk −Ghhc

n
thh] .

Therefore, by following the passages at the beginning of this section, the CVaR
of violating the power loss constraint, can be modeled in the form (4.12).

4.2.8 Numerical results

In this subsection, we apply the model developed above to a variant of the
IEEE 118-bus test system, as referenced in [62] and [150]. This modified
version integrates three wind farms connected to buses #1, #9, and #26.
Consequently, the conventional generators originally connected to bus #1 and
bus #26 have been removed. The implementation details discussed in this
chapter, along with the codes for models (4.1) and (4.3), are available for
download at [111].

The wind power forecast errors were obtained from a data source provided
by CESI. The process involves fitting a Weibull distribution to represent the
probability distribution of wind power production [29, 139]. The predicted
power output is then set as the mean of this distribution. Error samples are
generated by drawing random samples from the fitted distribution and then
computing the discrepancy with the predicted power generation.

To align our findings with existing literature [62], we adjusted our fore-
casting errors to have a zero mean. Additionally, standard deviations were
set at 200MW for wind farms #1 and #9, and 300MW for wind farm #26.
We focused on the single-period stochastic optimization problem following the
approach in [62].

The dataset comprises 152 observations and is divided into 13 samples to
train the model and 139 test samples for measuring the out-of-sample perfor-
mance of the solution. Therefore Ns = 13 and NΞ = 3 since there are three
windfarms whose power generation is predicted. The optimization task was
completed in 100 seconds for each loop on a laptop equipped with an Intel(R)
Core(TM) i5-8250U CPU @ 1.60GHz 1.80 GHz and 8GB of RAM.

Figure 4.1 illustrates the variation in the average operational cost based
on different values of the risk aversion parameter ρ and the radius ε of the
Wasserstein metric. An evident trend is the rise in average nominal cost as
ρ increases. This indicates a greater focus on avoiding constraint violations
across all potential realizations of ξ. While this strategy ensures higher secu-
rity, it does come at the cost of increased operational expenses.

Figure 4.2 showcases the nominal power loss in some key lines of the net-
work. In general, there is a decreasing constraint violation as ρ increases, as in
line 86. Line 15 is an exception. This happens because a overall lower cost is
achieved by allowing higher risk of violating the power loss constraint in this
line.
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Figure 4.1: Comparison of the average operational cost for various values of
risk aversion ρ and Wasserstein metric radius ε.

In Figure 4.3, we observe how out of sample performance varies with ε, by
showing the average number of power loss constraint violations of the test sam-
ples. We observe that large ε ensures fewer constraints violations. Inequality
affine constraints on power generation and voltage magnitudes, implemented
as policy constraints, are never violated for the tests samples.

Lastly, Figure 4.4 shows the relationship between nominal real power out-
put and the risk aversion coefficient ρ. A discernible pattern is the increasing
conservatism in policy as ρ elevates. This ensures respect for magnitude con-
straints, especially when confronted with extreme realizations of the predic-
tions error ξ. However the change in power generation in some buses, as in bus
15, is not monotonic, due to the nonlinearities of the OPF model, which make
the behavior of the solution with respect to the changes of various parameters
somewhat unpredictable.

4.2.9 Conclusions

We have showcased the efficacy and adaptability of our proposed data-driven,
distributionally robust stochastic OPF methodology. Unlike many existing
models, the one we propose directly integrates error training datasets, elim-
inating the need to presuppose a forecast error distribution. This approach
allows us to use distributionally robust optimization techniques, leading to
enhanced out–of–sample performance. Importantly, our underlying determin-
istic model operates with fewer assumptions compared to the conventional
DC OPF. This ensures resilience, especially when faced with extreme weather
events or fluctuating demand scenarios in the network. We introduced a novel
method of modeling affine inequality constraints as continuity constraints on
the policy, allowing us to impose fewer constraints using Conditional Value
at Risk (CVaR). The key distinction between these two approaches is that
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(b) Line 15.

Figure 4.2: Comparison of the power loss in six lines of the network for various
values of risk aversion parameter ρ and the Wasserstain metric radius ε.

the former is hard, enforcing the constraint for every possible realization of
error predictions but is only applicable to affine constraints, while the latter
can be applied more generally to concave constraints but it does not guaran-
tee compliance for every possible realization of error predictions. However, it
is worth noting that our model tends to be more computationally demand-
ing than the DCOPF-based stochastic optimal power flow model presented in
[62], due to the increased number of variables and constraints derived from
the AC OPF formulation. To reduce the number of variables and constraints,
one approach is to identify the critical lines in the network, by running a re-
laxation of the model without the line constraints and by identifying where
these constraints are violated, and then apply the CVaR constraints exclu-
sively to these lines. From simulations results, we observed that larger ε may
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Figure 4.3: Comparison of the number of out of samples constraints violation
for various values of risk aversion parameter ρ and the Wasserstain metric
radius ε.

lead to large constraint violation when the sum of the CVaRs has a lower
overall risk by allowing higher risk of violation of specific constraints. This
may be addressed by considering the risk of joint constraint violation instead
of modeling each constraint individually. In our model we considered Ξ to be
in the form [−E1, E1]× [−E2, E2]× [−E3, E3]. Although this would work well
if the components of ξ were independent, this is rarely the case for wind power
prediction, and this results in overly conservative policies. Future works can
include considering the best polytope fitting the considered samples. More-
over, limiting our consideration to affine policies in a nonlinear problem like
the OPF overlooks numerous admissible policies that are nonlinear. A poten-
tial avenue for future research could involve exploring piecewise affine policies
instead.
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Figure 4.4: Comparison of output real powers of selected generators for dif-
ferent risk levels ρ and Wasserstein metric values ε. Note that 100MW is the
upper bound for the power generation of both buses.

4.3 A multilinear approach on cycles

We now discuss the relaxation (4.1) and a possible improvement. A famous
result states that if (B,L) is a multisource radial network, then the Jabr
equality ACOPF relaxation is exact [70]. If the network is not radial, that is,
it contains cycles, we can recover exactness thanks to the following observation.
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Observation 9. Model (4.1) with the additional cycle constraint [81]

⌊n/2⌋∑
k=0

∑
A⊂[n]
|A|=2k

(−1)k
∏
h∈A

skhkh+1

∏
h∈Ac

ckhkh+1 =
n∏

k=1

cki,ki . (4.15)

for every cycle A in a cycle basis of (B,L) is exact.

In [81], auxiliary branches were added to the network, dividing each cycle
in smaller cycles, to decrease the degree of the polynomials defining the cycle
constraint. McCormick linearization is then applied. The problem with this
approach is that one auxiliary branch is added for every branch in the cycle.
We now discuss how to deal with (4.15) directly.

4.3.1 Standard multilinear relaxation

We now aim at studying constraint (4.15) from a multilinear optimization
point of view. Consider a set of multilinear constraints:∑

I∈Ij

cjI
∏
v∈I

xv ≤ b ∀j ∈ {1, 2, . . . ,m}, (4.16a)

xv ∈ [lv, uv] ∀v ∈ V, (4.16b)

where V denotes the set of the indices of the variables and Ij is a set of
subsets of V . A straightforward simplification is to introduce a variable zI for
every subset I of variables appearing in the constraints. Thus we obtain the
following equivalent problem

∑
I∈Ij

cjIzI ≤ bj ∀j ∈ {1, 2, . . . ,m}, (4.17a)

zI =
∏
i∈I

xi ∀I ∈ I := ∪m
j=1Ij , (4.17b)

xv ∈ [lv, uv] ∀v ∈ V. (4.17c)

By affine transformations, we can assume the variables xv to be in the
interval [0, 1]. Note that such affine transformations need to be handled with
care, we will cover this in Section 4.3.2. Since constraint (4.17a) is now linear,
we are interested in the linearization of the following set Pr := {(x, z) ∈
[0, 1]V × [0, 1]I | zI =

∏
i∈I ∀I ∈ I}. We now define the standard linear

relaxation of Pr.

Definition 5 (Standard form relaxation). Let the polyhedral PrR be defined
by the following linear constraints:

zI ≤ xv, ∀v ∈ I, ∀I ∈ I, (4.18a)
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zI +
∑
v∈I

(1− xv) ≥ 1, ∀I ∈ I, (4.18b)

zI ≥ 0, ∀I ∈ I, (4.18c)
xv ∈ [0, 1], ∀v ∈ V. (4.18d)

Note that this relaxation can be strengthen, for example with recursive
McCormick linearization or flower inequalities [118].

4.3.2 Handling affine trasformations

We assumed xv ∈ [0, 1] because affine transformation of homogeneous con-
straints remain homogeneous. But it must be noted that for each non linear
affine transformation, that is when the lower bound of the corresponding vari-
able is not zero, the number of binomials increases. More precisely, given a
monomial defined by I ∈ I, let I ′ ⊂ I be the subset of variables in I for which
a nonlinear transformation is applied. Then the monomial I is split into 2|I

′|+1

new monomials. When the size of such I ′ is large this greatly increases the
number of auxiliary variables zJ which must be introduced.

Thus applying many non linear affine transformation can be very costly
and complicates the handling of the constraints. For this reason, instead of
applying non linear affine transformation, for each variables xv ∈ V such that
xv ∈ [lv, uv] and lv ∗uv < 0, we split the problem in two new subproblems hav-
ing xv ∈ [lv, 0] and xv ∈ [0, uv] respectively. This way, linear transformations
can be applied in the subproblems. This creates many subproblems, and so
we rewrite the subproblems as a unique mixed integer programming problem.

Let C = {k1, . . . , kn} ⊂ B be a cycle. The variables sh are in the form
sh ∈ [−ush , ush ] where h = (ki, ki+1) for all i = 1, . . . , n. We can then
substitute sh with uhs

′
h = sh where s′h ∈ [−1, 1]. We then define the sign

variables σh ∈ {0, 1} for each h ∈ C, where σh = 0 if sh is negative and 1 if it
is positive. We can now rewrite the cycle constraint as:

⌊n/2⌋∑
k=0

∑
A⊂[n]
|A|=2k

(−1)k(
∏
h∈A

(2σh − 1)uh)zA = z′C

Where we substitute the monomial
∏

h∈A skhkh+1

∏
h∈Ac ckhkh+1 with zA and

the product
∏n

k=1 cki,ki with z′C . For each even subset A ⊂ [n] we introduce
the binary variable λA ∈ {0, 1} which is 0 if

∏
h∈A(2σh − 1) is −1 and λA = 1

otherwise. The cycle constraint becomes:
⌊n/2⌋∑
k=0

∑
A⊂[n]
|A|=2k

(−1)k(2λA − 1)UAzA = z′C

The product λAzA can easily be linearized. To enforce the relation 2λA − 1 =∏
h∈A(2δh − 1), simply note that λA = 0 if and only if there is an odd number
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of δh equal to 0, that is, there exists mA ∈ Z such that:

λA + 2mA =
∑
h∈A

δh.

4.3.3 Other cuts

We now discuss a different approach of handling multilinear terms. Let I be
a set of indices and xv, v ∈ I, continuous variables such that xv ∈ [lv, uv] ⊂
[−1, 1]. Let also the set I be partitioned in two set such that I = J ⊕K and

lv > 0, uv = 1, ∀v ∈ J, (4.19a)
lv = −uv, uv < 1, ∀v ∈ K. (4.19b)

In practice, xv, v ∈ J represent cosine variables and xv, v ∈ K represent sine
variables. If we define zI :=

∏
v∈I xv and I ′ := I \ {v}, then the following

lower and upper bounds trivially hold:

zI ≤ xv

∏
v′∈I′

uv′ , ∀v ∈ J, (4.20a)

zI ≤ |xv|
∏

v′∈I′

uv′ , ∀v ∈ K, (4.20b)

zI ≥ −|xv|
∏

v′∈I′

uv′ , ∀v ∈ K, (4.20c)

zI ≥ xv

∏
v′∈I′

lv′ , ∀v ∈ J, I ′ = J ′ ⊕K′ : K′ = ∅, (4.20d)

zI ≥ −xv

∏
v′∈I′

uv′ , ∀v ∈ J, I ′ = J ′ ⊕K′ : K′ 6= ∅. (4.20e)

We now discuss a non–trivial bound, that generalizes inequality (4.18b).
Lemma 12. The following inequality holds:

zI +
∑
v∈I

cv(uv − xv) ≥
∏
v∈I

uv, cv :=
∏

v′∈I\{v}

uv′ . (4.21)

Proof. Because we are dealing with a multilinear inequality, it is sufficient to
verify that it holds for every vertex of the multidimensional rectangular cuboid

C :=
∏
v∈I

[lv, uv] ⊂ [−1, 1]|I|.

For such a vertex x, we have either xv = lv or xv = uv for every v ∈ I.
Define I1 := {v ∈ I |xv = lv} and I2 := {v ∈ I |xv = uv}, and J1, J2,K1,K2

analogously. By defining k1 := |K1|, we then have

zI+
∑
v∈I

cv(uv − xv) =
∏
v∈I1

lv
∏
v∈I2

uv +
∑
v∈I1

cv(uv − xv) +
∑
v∈I2

cv(uv − xv) =
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=
∏
v∈I1

lv
∏
v∈I2

uv +
∑
v∈I1

cv(uv − lv) =

= (−1)k1
∏

v∈K1∪I2

uv

∏
v∈J1

lv +
∑
v∈J1

cv(1− lv) + 2
∑
v∈K1

cvuv =

= A+B + C.

Now, we rewrite each of the three terms. First,

A = (−1)k1
∏

v∈K1∪I2

uv

∏
v∈J1

lv = (−1)k1
∏

v∈K1∪I2

uv

∏
v∈J1

uv

∏
v∈J1

lv =

= (−1)k1
∏
v∈I

uv

∏
v∈J1

lv,

where the second equality holds because uv = 1, ∀v ∈ J1. Second,

B =
∑
v∈J1

cv(1− lv) =
∑
v∈J1

 ∏
v′∈I\{v}

uv′

 (1− lv) =

=
∑
v∈J1

(
∏
v′∈I

uv′)(1− lv) =

=

(∏
v∈I

uv

) ∑
v∈J1

(1− lv),

where the third equality holds because uv = 1 ∀v ∈ J1. Finally,

C = 2
∑
v∈K1

cvuv = 2
∑
v∈K1

(
∏

v′∈I\{v}

uv′)uv = 2
∑
v∈K1

(
∏
v′∈I

uv′) =

= 2k1(
∏
v∈I

uv).

We then have

zI +
∑
v∈I

cv(uv − xv) = A+B + C =

= (
∏
v∈I

uv)((−1)k1
∏
v∈J1

lv +
∑
v∈J1

(1− lv) + 2k1).

To conclude, we just need to prove that

(−1)k1
∏
v∈J1

lv +
∑
v∈J1

(1− lv) + 2k1 ≥ 1,

but this is true because

(−1)k1
∏
v∈J1

lv +
∑
v∈J1

(1− lv) + 2k1 =
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= ((−1)k1 − 1)
∏
v∈J1

lv + 2k1 +
∏
v∈J1

lv +
∑
v∈J1

(1− lv) =

≥ ((−1)k1 − 1)
∏
v∈J1

lv + 2k1 + 1 ≥ (−1)k1 + 2k1 ≥ 1,

where the first inequality holds because
∏

v∈J1
lv +

∑
v∈J1

(1− lv) ≥ 1 because
of the standard multilinear relaxation (4.18b). The second inequality holds
because 0 < lv < 1 and so 0 ≤

∏
v∈J1

lv < 1, and the last inequality holds
because k1 ≥ 0 integer.

Note that inequality (4.21) is tight in υ := (uv)v∈I , in every vertex υ′

adjacent to υ, and in every point of the segment connecting υ and υ′.

4.3.4 A possible generalization

We now consider when, given a vertex a of the cuboid C, we can define a
separating hyperplane π for Pr, that is, when π : Rn → R such that either
π(x) ≤

∏
v∈I xv for all x in C for all x in the vertex or π(x) ≥

∏
v∈I xv for

all x in C. Furthermore, we want a good cut, so we look for hyperplanes such
that π(a) =

∏
v∈I av and π(y) =

∏
v∈I yv for all vertices y in C, adjacent to

a. First we observe that since in Rn+1 fixed n+ 1 affinely independent points
there exists a unique hyperplane containing all these points, then there exists
a unique hyperplane such that π(y) =

∏
v∈I yv for all vertices y in C, adjacent

to a and for y = a.

Observation 10. The hyperplane π(x) :=
∏

v∈I av +
∑

v∈I cvav(xv − av),
where cv :=

∏
v′∈I\{v}, is the only hyperplane such that π(y) =

∏
v∈I yv for

all vertices y in C, adjacent to a, and such that π(a) =
∏

v∈I av

We now look for conditions for when this uniquely defined hyperplane is
also a separating hyperplane for Pr. Note in particular that (4.21) is of the
type described above with a = υ. Let us define two functions

fa(x) =
∏
v∈I

xv +
∑
v∈I

cv(av − xv)−
∏
v∈I

av,

ga(x) =
∏
v∈I

xv −
∑
v∈I

cvxv.

We are looking for a ∈ C such that either

fa(x) ≤ 0 ∀x ∈ C, or
fa(x) ≥ 0 ∀x ∈ C,

that is

ga(x) ≤ ga(a), ∀x ∈ C, or
ga(x) ≥ ga(a), ∀x ∈ C.
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So we are looking for a such that the function ga attains its maximum or mini-
mum at a. Note that ga(a) = (1−|I|)

∏
v∈I av. We now make a simplification

on hypothesis (4.19). Let I be partitioned in two set such that I = J ⊕K and
let 0 < l < u < 1 such that

lv = l > 0, uv = 1, ∀v ∈ J, (4.25a)
lv = −uv = −u, uv = u < 1, ∀v ∈ K. (4.25b)

Lemma 13. Let a be a vertex of C such that, for all v ∈ I, either av = 1 or
av = u or av = −u and let p := |{v ∈ I : av = −u}|. Then we have that

ga(x) ≤ ga(a), ∀x ∈ C, if p odd, (4.26)
ga(x) ≥ ga(a), ∀x ∈ C, if p even. (4.27)

Proof. If we derive the function ga we obtain

∂ga(x)

∂xw
=

∏
v∈I\{w}

xv −
∏

v∈I\{w}

av.

Let p be odd. If w is such that aw = −u, then ∂ga(x)
∂xw

≤ 0 and so the maximum
is obtained by choosing xw = −u = aw, if w is such that aw 6= −u, that is
aw = 1 or aw = u, then ∂ga(x)

∂xw
≥ 0 and so the maximum is obtained by

choosing xw = 1 or xw = u, that is xw = aw. By doing the same reasoning for
every partial derivative, we obtain that a is in fact the maximum of ga. The
same reasoning can be done for when p is even.

4.3.5 Conclusions and future work

In this section, we studied different techniques of handling multilinear terms,
starting from the standard relaxation and developing tailored inequalities that
can be added to the Jabr model in order to obtain higher lower bounds and
better solutions, that can in principle make Newton–Raphson method converge
faster if used as starting points. In future works, we plan to generalize some of
the theoretical results we presented and to test them numerically in comparison
with other techniques used in the literature.
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CONCLUSIONS

In this thesis, the author has studied various combinatorial optimization meth-
ods and, through tailored approaches, has applied them to different combina-
torial problems. These problems, while interesting in themselves and leading
to noteworthy results, primarily serve as applications of the studied methods.
In particular, it is worth noting how these methods and approaches can lead
to interesting generalizations whose applications could be highly beneficial for
solving numerous combinatorial problems.

In Chapter 1, the approach of the integrality gap studied for the travel-
ing salesman problem is generalized for the Steiner tree problem, stressing the
generalizability of this methodology for the study of the integrality gap. More-
over, the simplification techniques applied to the bidirected cut formulation
not only provided theoretical insights on the properties of optimal vertices
but also reduced the number of suboptimal ones, suggesting that the study of
combinatorial polytopes could greatly benefit from these types of techniques.
In addition, similar approaches could find a use in the direct solution of com-
binatorial problems.

In Chapter 2, the exploitation of the multi–objective approach to training a
neural network suggests the advantages of training a network that is both ro-
bust and lightweight. In addition, several generalizations can be derived from
the ensemble approach, stressing its broad applicability to different multiclas-
sification tasks. Finally, the study of the weight distribution, underlining the
polarized behavior of their values, could have an impact on the study of the
weights of different networks, depending both on their architecture and the
nature of the training data.

In Chapter 3, different stochastic optimization techniques are applied to a
two–stage problem studying the operating theater where patients with differ-
ent characteristics are present. In particular, various sample average approxi-
mation approaches are applied, and the multi–objective approach used in the
first stage shows the importance of parametrizing different characteristics one
looks for in a solution to obtain better solutions in the second stage of the
optimization. This approach has the potential of being generalized for various
two–staged stochastic optimization problems.
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In Chapter 4, a distributionally robust optimization technique is applied to
an optimal power flow problem, showing good out–of–sample performances.
This method is very general, and different stochastic problems could benefit
from its application, given the flexible yet well–parameterized definition of
the ambiguity set in which the adversarial distribution can lie. In addition,
the multilinear study conducted on a particular class of constraints suggests
the possibility of obtaining better linear relaxation with fewer additional vari-
ables by leveraging the particular bounds given on the original variables. This
method can be easily adapted for different types of multilinear problems.

In conclusion, while each technique proposed in this thesis has been pre-
sented within a specific combinatorial optimization problem, the methods de-
vised in tackling the examined problems could be easily generalized to a broad
range of different applications and raise interesting theoretical questions.
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APPENDICES

A Steiner Tree Problem: further details

A.a Enumerating vertices with Polymake and weakness of the BCR formulation

As discussed in the previous section, we aim to solve the Gap problem on every
vertex. Hence, we need an exhaustive list of vertices of the polytope PBCR(n, t)
for each n ≥ 3, for each 3 ≤ t ≤ n − 1. We use the software Polymake [53],
designed for managing polytope and polyhedron. We implement the Gap
function in Python, using the commercial solver Gurobi 11.0 [63] to model
and solve the Gap ILP model.

On every vertex, we solve the Gap problem to get the maximum possible
value of the integrality gap associated with that vertex. Table A.1 reports our
computational results. From these results, we can draw several conclusions.
First, Polymake can only exhaustively generate vertices for n up to 5. Second,
for all these cases, the value of the integrality gap is exactly 1. For larger values
of n, the enumeration becomes computationally untractable. Furthermore,
by running the Gap problem on many vertices of the BCR formulation, we
observe that the problem turns out to be infeasible. By analyzing the minimum
infeasibility set, we observe that many vertices of the BCR formulation are
incompatible with the triangle inequality of the cost vector c nor with its non-
negativity. We tackle both issues in the following sections by (a) introducing a
novel formulation tailored for the metric case and (b) designing two heuristic
algorithms for enumerating nontrivial vertices.

Table A.1: Number of feasible and optimal vertices for PBCR and PCM . The
column “time” reports the time of the generation in seconds, while the column
“gap” reports the maximum gap obtained for the optimal vertices. While the
BCR polytope has several (feasible) vertices that cannot be optimal for any
metric cost, the CM polytope does not suffer this issue (and it implicitly
reduces the number of isomorphic vertices).

PBCR PCM

n t time feas. opt. gap time feas. opt. gap
4 3 0.04 256 70 1.00 0.73 4 4 1.00
5 3 4563.57 28 345 3 655 1.00 44.62 5 5 1.00
5 4 2798.17 24 297 3 645 1.00 37.01 44 44 1.00
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A.b Enumerating vertices with Polymake for the CM formulation

We enumerate all the vertices of the CM formulation using the software Poly-
make [8]. Recalling what we have done in Appendix A.a, we compute the
gap value for each vertex by implementing the model (1.23) using Gurobi
11.0.0 [63].

Table A.1 reports our computational results. First, we can observe that
the number of vertices generated is smaller than the number of vertices of the
BCR formulation, and all of them are feasible. As expected, the integrality
gap is 1 (Note that it must be a lower bound w.r.t the one of the BCR for-
mulation, which was 1). Note also that, even in this case, Polymake cannot
generate vertices for n ≥ 6. These limited results motivate the design of the
two heuristic algorithms to generate nontrivial vertices introduced in the next
section.

A.c Pure one-quarter algorithm

Algorithm 3 Pure one-quarter vertices search
1: procedure POQ(n, t)
2: G = {G = (V,E) | G connected, deg(i) ≥ 3 ∀i ∈ V, |V | = n, |E| =

n+ 3t− 4}
3: diG = ∅
4: for G = (V,E) ∈ G do
5: if |{i ∈ V | deg(i) = 3}| ≤ n− t then
6: add to diG every non-isomorphic orientation of G s.t.
7: · every edge can be oriented in only one way
8: · every node has a maximum indegree of 4
9: V = ∅

10: for diG = (V,A) ∈ diG do
11: if |{i ∈ V | indeg(i) = 0}| = 1 then
12: if |{i ∈ V | indeg(i) = 1}| = n− t then
13: if |{i ∈ V | indeg(i) = 4}| = t− 1 then
14: xij = 1/4 iff (i, j) ∈ A is a solution of PCM (n, t) with
15: · {r} = {i ∈ V | indeg(i) = 0}
16: · V \ T = {i ∈ V | indeg(i) = 1}
17: · T \ {r} = {i ∈ V | indeg(i) = 4}
18: if x is a feasible vertex of PCM (n, t) then
19: add x to V
20: return V

We defined Algorithm 3: a modified version of the PHI algorithm to find
POQ vertices exploiting the properties described in Section 1.5.3.
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Figure B.5: Confusion matrix of the BeMi ensemble trained with 40 images
per digits with the architecture [784, 4, 4, 1]. We reported the percentages for
each couple. Note that the n.l. indicate the unclassified images.

B Further Neural Network Experiments and Generalizations

B.a Complement to Neural Network Experiments

We first performed an experiment with the BeMi ensemble trained with 40
images per digit and we reported the results in a confusion matrix, depicted
in Figure B.5. This gave us an idea of what digits were easy or difficult to
distinguish between. We then replicate Experiment 1 with a different couple
of digits, namely 1 and 8, which are easier to distinguish than the digits 4 and
9. Results are depicted in Figure B.6. We can draw the same conclusions of
Experiment 1.

B.b Ensamble Generalization

The definition of the ensemble introduced in Section 2.4.2 can be generalize
as follows. Define P(I)m as the set of all the subsets of the set I that have
cardinality m, where I is the set of the classes of the classification problem.
Then our structured ensemble is constructed in the following way:

1. We set a parameter 1 < m ≤ n = |I|.

2. We train a INN denoted by NJ for every J ∈ P(I)m.

3. When testing a data point, we feed it to our list of trained INNs, namely
(NJ )J∈P(I)m , obtaining a list of predicted labels (eJ )J∈P(I)m .
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Figure B.6: Ablation study with a different couple of digits, namely 1 and 8,
which are easier to distinguish.

4. We then apply a majority voting system.

Note that we set m > 1, otherwise our structured ensemble would have
been meaningless. Whenever m = n, our ensemble is made of one single INN.
When m = 2, we are using the one-versus-one scheme presented in the paper.

The idea behind this structured ensemble is that, given an input xk labelled
l (= yk), the input is fed into

(
n
m

)
networks where

(
n−1
m−1

)
of them are trained

to recognize an input with label l. If all of the networks correctly classify the
input xk, then at most

(
n−1
m−1

)
−
(
n−2
m−2

)
other networks can classify the input

with a different label. With this approach, if we plan to use r ∈ N inputs for
each label, we are feeding our INNs a total of m · r inputs instead of feeding
n · r inputs to a single large INN. When m � n, it is much easier to train our
structured ensemble of INNs rather than training one large INN.

Majority voting system. After the training, we feed one input xk to our
list of INNs, and we need to elaborate on the set of outputs.

Definition 6 (Dominant label). For every b ∈ I, we define

Cb = {J ∈ P(I)m | eJ = b},

and we say that a label b is a dominant label if |Cb| ≥ |Cl| for every l ∈ I. We
then define the set of dominant labels

D := {b ∈ I | b is a dominant label}.
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Using this definition, we can have three possible outcomes:

(a) There exists a label b ∈ I such that D = {b} =⇒ our input is labelled
as b.

(b) There exist b1, . . . , bm ∈ I, bi 6= bj for all i 6= j such that D =
{b1, . . . , bm}, so D ∈ P(I)m =⇒ our input is labelled as e{b1,...,bm} =
eD.

(c) |D| 6= 1 ∧ |D| 6= m =⇒ our input is labelled as z /∈ I.

While case (a) is straightforward, we can label our input even when we do not
have a clear winner, that is, when we have trained a INN on the set of labels
that are the most frequent (i.e., case (b)). Note that the proposed structured
ensemble alongside its voting scheme can also be exploited for regular NNs.

Definition 7 (Label statuses). In our labelling system, when testing an input
seven different cases, herein called label statuses, can arise. The statuses names
are of the form “number of the dominant labels + fairness of the prediction”.
The first parameter can be 1,m, or o, where o means‘other cases’. The fairness
of the prediction is C when it is correct, or I when it is incorrect. The
subscripts related to I ′ and I ′′ only distinguish between different cases. These
cases are described through the tree diagram depicted in Figure B.7.

The reason behind this generalisation is the following. Suppose to have
trained a NN to distinguish between 3 different classes, c1, c2, c3. If one class
is added to the problem, namely c4, instead of discarding the trained NN, one
could train 3 other NNs, namely the one that distinguishes between c1, c2, c4,
another one for c1, c3, c4, and the last one for c2, c3, c4, and use the majority
voting scheme. Note that the training of the smaller networks is linked to
smaller MILPs: in fact, if we plan to use 10 input data for each class, we
need 40 input data in total, but every network is fed with only 30 of them.
Moreover, the training of the three additional NNs can be done in parallel,
saving computational time.

C Linear formulation of the SMIP model BII
ij (ω)

In this section we report linearization formulation of non-linear constraints in
the SMIP model BII

ij (ω). Big-M and a small constant ε > 0 are used in several
constraints, while auxiliary variables are defined for each specific group. Lin-
earization of constraints (3.3p) is trivial, then we omit it. Constraints (3.3b)
are linearized by introducing the following constraints, in which auxiliary vari-
ables γi, γ̂i ∈ {0, 1} are used:

ci ≥ ti′ −M(1− γi)−M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

ci ≤ ti′ +Mγi − ε(1− γi) +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

qi′ ≥ ti′ −Mγi −M(1− oii′), i, i′, i 6= i′ ∈ Ijk,
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none of the the bj
is correct
(mI′′)

there are m′ ̸= 1,m
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one of them
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none of them
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(oI′′)

Figure B.7: Tree diagram representing the label statuses for the generalized
ensemble.

qi′ ≤ ti′ +Mγi +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

qi′ ≥ ci −M(1− γi)−M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

qi′ ≤ ci +M(1− γi) +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

ĉi ≥ ti′ −M(1− γ̂i)−M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

ĉi ≤ ti′ +Mγ̂i − ε(1− γ̂i) +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

q̂i′ ≥ ti′ −Mγ̂i −M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

q̂i′ ≤ ti′ +Mγ̂i +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

q̂i′ ≥ ĉi −M(1− γ̂i)−M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

q̂i′ ≤ ĉi +M(1− γ̂i) +M(1− oii′), i, i′, i 6= i′ ∈ Ijk.

Constraints (3.3j) are linearized by introducing the following constraints, in
which the auxiliary variables Λ

(1)
i ,Λ

(2)
i ∈ {0, 1} are used:

τjk(ω)− q̂i′ ≥ ε−MΛ
(2)
i + ε(1− Λ

(2)
i )−M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

τjk(ω)− q̂i′ ≤ ε+M(1− Λ
(2)
i ) +M(1− oii′), i, i′, i 6= i′ ∈ Ijk,

τjk(ω)− q̂i′ ≥ −M(1− Λ
(1)
i ), i ∈ Ijk,

τjk(ω)− q̂i′ ≤ MΛ
(1)
i − ε(1− Λ

(1)
i ), i ∈ Ijk,

Λ
(1)
i + Λ

(2)
i ≤ 1 + ei, i ∈ Ijk,

ei ≤ Λ
(ℓ)
i , i ∈ Ijk, ` = 1, 2.
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Constraints (3.3k) are linearized by introducing the following constraints, in
which auxiliary variables λ

(e)
i , λ

(τ)
i ∈ {0, 1} are used:

τjk(ω) ≤ qi + ρi(ω)θi(ω)yi +Mλ
(τ)
i − ε(1− λ

(τ)
i ), i ∈ Ijk,

τjk(ω) ≥ qi + ρi(ω)θi(ω)yi −M(1− λ
(τ)
i ), i ∈ Ijk,

zi ≤ τjk(ω)− (qi + ρi(ω)θi(ω)yi) +M(1− λ
(e)
i ), i ∈ Ijk,

zi ≥ τjk(ω)− (qi + ρi(ω)θi(ω)yi)−M(1− λ
(e)
i ), i ∈ Ijk,

ei + λ
(τ)
i ≤ 1 + λ

(e)
i , i ∈ Ijk,

zi ≤ Mλ
(τ)
i , i ∈ Ijk.

Finally, constraints (3.3l) are linearized by introducing the following con-
straints:

θi(ω)(qi + µi) ≤ Ljk +H +M(1− yi), i ∈ Ijk,

θi(ω)(qi + µi) ≥ Ljk +H −Myi + ε(1− yi), i ∈ Ijk.
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